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A BSTR A C T
We developed a simple stellar com putational model consisting of two 
concentric polytropic shells in order to investigate compact binary evolu­
tion. In th is thesis we focus the investigation on the effects of irradiation 
on the o rb ital evolution of cataclysmic variables (CVs). In these systems, 
when th e  companion is illuminated by a fraction of the accretion luminosity, 
the orbital evolution consists of irradiation-driven limit cycles on thermal 
timescales. These cycles are superimposed on the secular evolution toward 
shorter periods due to systemic angular momentum losses. W hen the irra­
diation instability is enhanced by consequential angular momentum losses 
jcAML th e  net effect is th a t mass transfer rates vary by orders of magni­
tude a t any given period. This result agrees with observations which show 
a large dispersion in disk luminosities, associated with mass transfer rates, 
for all CV periods. The standard theoretical model without irradiation (i.e. 
the secular evolution) predicts an approximately constant mass transfer rate 
throughout the binary evolution. In addition, we show th a t large am plitude 
positive orbital period derivatives during bright phases are a natural conse­
quence of the expansion of the companion during high mass transfer phases 
in the lim it cycle. We investigate the secular evolution of cataclysmic bi­
naries under the combined effects of irradiation and J c a m l  and show that 
faster th an  secular orbital period excursions of either sign may occur. If in­
deed irradiation-driven mass transfer fluctuations on timescales faster than 
secular as discussed in this thesis occur, then we may predict the relative
viii
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abundances of the  different types of cataclysm ic variables at a given orbital 
period. For example this mechanism m ay explain the relative paucity of 
dwarf novae with respect to nova-like variables with orbital periods between 
3 and 4 hours.
ix
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 1
IN TR O D U C TIO N
This thesis presents the results of a  systematic study of the effects of irradi­
ation and consequential angular momentum loss (CAML) on th e  long term  
evolution of white dwarf-main sequence star binary systems. As a  tool to 
aid in this investigation, a bipolytrope code was developed which models the 
structure of a  lower m ain sequence star as a combination of two concentric 
polytrope models. The bipolytrope code reproduces many of the  standard  
results (see Kolb & R itte r 1992) to  a high degree of accuracy while following 
the degeneracy of the donor s tar in a slightly more sophisticated manner. 
This code is also a useful tool for exploring formation processes and the 
evolution of other types of com pact binary systems.
1.1 H istorical O verview
In Europe the pervading Aristotelian philosophy that stars are  im m utable, 
incorruptible and eternal, delayed the discovery of binary system s and the 
variability of stellar brightness until the post-Copernican era. In  tru th  stars 
and stellar systems vary on m any different timescales and over large ranges 
in brightnesses. The Chinese, who were not hampered by the  A ristotelian 
philosophy, have recorded observations of such variability back to  as early as 
1500 B.C. Japanese observations dating back to 700 A.D., and Korean ob­
servations dating bark to  1000 A.D., supplement these observations. Obser­
vations of supernova explosions by Tycho Brahe in 1572 and K epler in 1604
1
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2finally convinced western civilization of the m utability of stars. The first 
“true” nova (as opposed to supernovae) discovered in Europe was observed 
by the Carthusian monk Pere Dam Anthelme in 1670, a  second m agnitude 
nova in the constellation Vulpecula. In 1855 J . R. Hind discovered the first 
dwarf nova U Gem which distinguished itself from other novae known at the 
tim e by its intense blue light. When Pogson in 1857 found that U Gem had 
returned to its maximum brightness the unusual nature of this new type of 
novae was established. Discoveries of new novae progressed at a slow pace 
until after 1887 when wide field photography of the sky began.
Although it wasn’t recognized at the time of these early discoveries, mass 
transfer from a companion star onto a  white dwarf is responsible indirectly 
for nova explosions and directly for dwarf nova outbursts. When mass is 
transferred to a compact object, energy is released which is proportional to 
the total change in potential energy of the accreted m atter. For compact 
objects such as w hite dwarfs or neutron stars much of this energy is released 
in the form of gam m a rays and X-rays. The realization of the im portance of 
mass transport in binaries had to wait for more direct observational evidence. 
This evidence came from the observations of eclipsing Algol binaries and from 
technological developments which allowed X-ray observations by satellites to 
be associated to optical observations of binary systems.
Ever since Algol binaries were discovered mass transfer in binary systems 
has been a topic of considerable theoretical and observational interest. In 
these binaries the less massive star is more evolved. T hat is, the less massive 
sta r has a larger radius which can only be explained as an effect of evolution.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
3In standard  single s ta r evolution the more massive s ta r should have evolved 
faster than  the less massive star. However, observations showing a  cool sub­
giant s ta r eclipsing a  hotter more luminous m ain sequence s ta r gave rise to 
the  so called “Algol paradox” . The solution to  this paradox was related 
to  the close proximity of the companion star. Since the more massive star 
should have evolved more quickly than its companion, as it expanded while 
moving up the sub-giant branch it would have filled its Roche lobe and begun 
to  transfer mass to  its less evolved companion. If a  substantial am ount of 
mass transfer occurs from the more evolved star to  the m ain sequence star, 
mass inversion could result (Crawford 1955).
The first X-ray source identified as a binary stellar system  came from 
optical ground based observations made independently by W ebster & Murdin 
(1972) and by Bolton (1971) (a review on this subject was given by Lewin 
in 1993). This was the discovery of a  5.6 day orbital period for the  BO super 
giant in the Cyg X -l system. The observations placed a lower lim it on the 
mass of the  compact object in excess of 2M© and lead to the speculation that 
this companion might be a black hole. Subsequent discoveries of the binary 
nature of Cen X-3 Shreier et al (1972) and then Her X -l (Tananbaum  et al 
1972) w ith the “Uhuru” satellite started an epidemic of X-ray binary interest. 
Eventually two categories of X-ray binaries were developed to  distinguish 
between high mass systems, those systems with high mass m ain sequence 
companions (most of the early discoveries of X-ray binaries fell into this 
category) and low mass systems. X-ray binaries in low mass systems include 
cataclysm ic variables (CVs) and low mass X-ray binaries.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
4Cataclysmic variables (CVs) are semi-detached binary stars with orbital 
periods of a  few hours .5 days) containing a w hite dw arf and in most cases 
a  main sequence, hydrogen burning star (see W arner 1995, for a  comprehen­
sive review of CVs; and also Frank, King & Raine 1992, for an introduc­
tion to accretion physics). Observationally CVs are characterized by sudden 
(cataclysmic) brightenings of severed magnitudes referred to as “outbursts” 
separated by much longer dim states of “quiescence.” Several subtypes of 
CVs exist:
1) Classical Novae, whose outbursts are typically 7-9 m agnitudes, which 
last for several m onths, and return to quiescence for perhaps thousands of 
years;
2) Recurrent Novae, similar to Classical Novae but shorter recurrence 
times;
3) Dwarf Novae (DN) outbursts of 2-6 m agnitudes which last for weeks, 
separated by m onths of quiescence. These ou tburst are due to therm al in­
stabilities in the accretion disk around the white dwarf. (There are several 
sub-classes of dwarf novae based on the photom etric properties of different 
types of outbursts and thus based on the different types of instabilities that 
can occur in the accretion disks. We will discuss these in more detail in the 
theoretical m otivation section.);
4) Nova-Like variables, relatively bright and sim ilar to  a DN in an ex­
tended or perm anent outbursts.
In addition to this classification, CVs can also be divided into magnetic 
and non-magnetic system s. The magnetic system  classification is based on
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5the strength of the white dwarf’s m agnetic field and its ability to channel 
accretion directly onto the white dwarf. In m agnetic systems m odulation in 
the em itted  radiation is observed which corresponds to the rotational rate  of 
the white dwarf. In the most severe cases th is results in completely disrupting 
the accretion disk. Magnetic systems can be further divided into synchronous 
systems (AM Her systems) and non-synchronous systems (DQ Her systems).
Low mass X-ray binaries (LMXBs), are similar to CVs but contain a 
neutron star instead of a  white dwarf. T he extrem e compact nature of the 
the neutron s tar is the primary property which distinguishes LMXBs from 
CVs. M atter accreted onto the more com pact neutron star radiates energy 
a t a  more efficient rate than the equivalent am ount of m atter accreted onto a 
white dwarf. LMXBs typically have luminosities of lO ^erg s- 1  (correspond­
ing to X-rays) where as CVs typically peak in the optical with luminosities 
around lO ^erg s-1 . However, despite these differences, LMXBs and CVs 
share many sim ilar properties because the orbital dynamics are practically 
identical. LMXBs undergo two types of outbursts known as X-ray bursts, 
further classified as Type I outbursts and Type II bursts. Type I bursts are 
similar to  CV nova outbursts because they are due to thermonuclear flashes 
on the surface of the accreting neutron star; but they are much faster, lasting 
typically ~  100s. Type II bursts have a num ber of properties which suggest 
they m ight be associated with a disk instability  sim ilar to the dwarf nova 
outburst which occurs in CVs. The observed period distribution of LMXBs 
closely matches th a t of CVs with the exception of an apparent lack of LMXBs 
w ith orbital periods below 3 hours.
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61.2 Theoretical M otivation
Binary s ta r  systems have been of great theoretical and observational in­
terest since very early in the development of astronomy as a  science. They 
are some of the  earliest detected variable stars. Binary systems vary on many 
different timescales and over a  large range of magnitudes. Binaries offer in­
sights into the evolution of single stars. The only way to “weigh” a star and 
calibrate a spectral-mass identification empirically is through observations of 
binary stars. Since many systems have only one spectroscopically identifiable 
component, a  unique solution for the mass of the two component stars is not 
always available, but even in these cases a mass ratio can be determ ined. 
Eclipsing binaries provide constraints which help determine the mass of the 
two component stars. They can also provide information about the size of 
the  eclipsing object.
CVs are especially interesting because many constraints from abundant 
observational data  can be placed on theoretical predictions. An historically 
im portant observational constraint comes from analyzing the period distri­
bution of observed CVs. In Fig 1.1 we show a CV period histogram based 
on the observed CV orbital periods as compiled in the 6 th edition of the CV 
catalogue by R itter & Kolb (1997). The CV period histogram has a  number 
of im portant features which are clearly statistically significant. They include 
a period minimum, a period maximum, and a period range between 2 - 3  hrs 
in which very few CV systems axe observed known as the period gap. In 
addition to these features it has been pointed out th a t an additional obser­
vational constraint on theoretical models for systems that undergo dwarf nova
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Figure 1 .1 : A histogram  of observed CV orbital periods. The (dashed line) 
shows the distribution of all CVs. The lower (solid line) border shows the 
distribution of CVs identified as dwarf novae or possible dwarf novae. The 
CVs are binned in 1/4 of an hour intervals.
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8eruptions exists. Shatter, Wheeler, & Cannizzo (1986) and S hatte r (1992) 
pointed out th a t there exists a  lack of dw arf nova systems betw een 3-4 hrs. 
All these basic features of th e  CV histogram  are currently understood within 
the standard CV evolutionary model w ith the exception of the lack of dwarf 
novae between 3-4 hrs.
These objects provide unique interstellar laboratories in which we can 
probe fundam ental physical laws under severe conditions. CVs are  observed 
throughout the electro-magnetic spectrum , from radio waves to  TeV Gam m a 
rays. In a small fraction of these system s magnetic fields exist, as high as 
1 0 8 G, which are stronger than  any produced in a terrestrial laboratory. These 
systems provide a unique opportunity  to  study the behavior of atom s. In 
some cases, due to the com pact size of these solar mass stars, gravitational 
effects predicted by general relativity such as gravitational redshifts are ob­
served. In the case where a com pact binary is made up of two neutron  stars, 
gravitational quadrupole radiation (i.e. Hulse & Taylor 1974) can  indirectly 
be measured. W hen compact objects accrete m atter they can release energy 
in a more efficient m anner than  stellar nuclear burning.
In the so-called non-magnetic systems, in which the  m agnetic field of the 
white dwarf is not strong enough to disrupt the flow of accreting m a tte r  and 
thread it directly onto the white dwarf, mass transfer from an accretion disk 
occurs. The physics of accretion disks is im portant because disk structures 
show up in m any types of astronom ical objects (e.g. young stars, old stars, 
galactic nuclei, quasars, etc), a t many different energies and m any different 
size scales. Accretion disks occur in system s ranging from the b irth  of stars
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
9and th e  formation of planets to accretion processes thought to power distant 
quasars because in all these objects the m aterial falling in due to gravity, 
possesses angular momentum. Because of the compact size of these binaries, 
CVs provide an unique opportunity to study the geometry of accretion disks 
through eclipses and the two dimensional projection viewed at different angles 
of perspective. We observe CV accretion disks in quasi-stable states, unstable 
states and the transition between them . Instabilities in the disks are thought 
to be responsible for dwarf novae outbursts. During a dwarf nova outburst, 
and in nova-like systems the emission from the accretion disks dominates the 
light.
W hen non-equilibrium situations develop, such as classical novae, dwarf 
novae and tidal instabilities, the bounds of our understanding of fundamental 
physics are pushed. Classical novae occur when enough hydrogen is accumu­
lated on the surface of the white dwarf to  trigger thermonuclear runaway 
resulting in a  nova explosion. A dwarf nova occurs when the accretion disk 
accum ulates enough m atter that it heats up above the ionization tem pera­
ture of hydrogen. This causes the viscosity of the accretion disk to increase, 
resulting in a large unstable mass transfer rate from the disk onto the white 
dwarf companion. After a sufficient am ount of mass is transferred onto the 
white dwarf from the accretion disk, the disk cools and mass transfer returns 
to its normal pre-outburst state. If the secular accretion rate is higher than 
a certain Merit then this type of instability does not occur because the disk 
always remains hot enough to ionize hydrogen and therefore there is no sud­
den change in viscosity. Disk tidal instabilities occur when the mass ratio
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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of the secondary compared to the white dwarf drops below one quarter (i.e. 
M2 /M wa <  1/4). This condition has the effect of restricting systems th a t 
undergo tidal instabilities primarily to those systems which occur below the 
CV gap. Systems with tidal instabilities exhibit phenomena known as “su­
perhum ps” and “superoutbursts”. Superoutbursts are large amplitude dwarf 
novae outbursts which last a few times longer than a normal outburst. Super- 
outbursts occur interm ittently among normal outbursts in SU UMa systems. 
During the superoutbursts a hump in the photometric light curve occurs 
with an am plitude of .2-.3 magnitudes and a  period slightly longer than the 
binary orbital period. This so-called “superhum p” is understood to be pro­
duced by a tidal instability which causes the disk to become eccentric and 
precess (W hitehurst 19SS). Such exotic phenomena provide unique tests for 
models of nuclear reactions, expanding shells, common envelope binaries and 
radiation driven winds.
There are many different sub-types of CVs classified by their photometric 
characteristics. Dwarf novae range in peak brightness from 2-6 magnitudes, 
normally have durations of a few days to 2 0  days, with a few cases lasting 
much longer (e.g. Z Cam systems), and recurrence times of 20-300 days. 
The three m ajor classifications of dwarf novae are based on the morphology 
of the outburst light curve. Z Cam stars exhibit outbursts which remain 
bright, approximately .7 magnitudes below their peak brightness, for any­
where between ten days to years and are known as “standstills” . SU UMa 
stars occassionally experience superoutbursts in which they reach a m axi­
mum brightness of approximately .7 magnitudes above their normal peak
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Table 1.1: C V  Taxonomy. Systems th a t axe therm ally stable M2 >  Merit, 
thermally unstable M2 <  Merit, and m arginally unstable M2 ~  Merit-
Above Period Gap Below Period Gap Mass transfer rate
Nova Like Perm anent Superhumpers 1W2 ^  Merit
Z Cam ER UMa M 2 «  Merit
U Gem SU UMa M-j <  Merit
W Z Sge M2 «  Merit
brightness and last several times their normal duration at this brightness. U 
Gem or (SS Cyg-type) stars include all dwarf novae which axe not Z Cam or 
SU UMa stars, exhibiting quasi-periodic outbursts.
From a theoretical point of view, non-magnetic CV systems can be sep­
arated according to their therm al and tidal stablility. Table 1.1 summarizes 
various sub-classes of CVs in terms of the relative positions of systems above 
and below the CV period gap. Systems th a t are tidally stable are separated 
from those th a t axe tidally unstable by the period gap. Systems th a t axe 
thermally stable can be sepaxated from those which are thermally unstable 
by their seculax mass transfer rate as compared to the critical mass transfer 
rate for therm al instability Merit-
Out of the systems th a t are observed above the gap, three categories 
can be distinguished, those systems which axe therm ally stable, those sys­
tems which are thermally unstable, and those systems which fall into the 
borderline region between thermally stable and therm ally unstable. Systems
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above the CV gap are generally tidally stable. Nova-like systems, U Gem 
system s and Z Cam system s axe observed above the  CV gap. The nova­
like “NL” or UX UMa stars, which axe thought to  be steady accretors with 
hot disks axe both  therm ally and tidally stable. T he ordinary U Gem type 
dw arf novae which experience quasi-periodic outbursts axe tidally s tab le / 
therm ally unstable. The Z-Cam staxs, exhibit occasional standstill behavior 
and axe thought to be accreting ju st a t the critical mass transfer ra te  between 
therm ally stable and unstable. Systems below the CV gap experience tidal 
instabilities. Systems th a t experience permanent superhumps, referred to as 
perm anent superhumpers, axe similax to  the NL systems in tha t they have a 
hot therm ally stable disk, but are tidally unstable. These systems have mass 
transfer rates ju st above the critical mass transfer ra te  for therm al stability 
and axe located below the  CV period gap. Systems which axe classified as 
SU UM a staxs exhibit both  superhum ps and superoutbursts and can be both 
therm ally and tidally unstable. ER UMa or RZ LMi axe extreme cases of SU 
UM a stars with an extrem ely short supercycle, or recurrence tim e between 
superoutbursts, of 20-45 days. These are borderline cases between SU UMa 
stars and perm anent superhum pers and are thought to be the counterpart of 
the Z Cam systems in th a t these are the analagous systems below the period 
gap. Another sub-class of SU UMa staxs, the WZ Sge stars, or “TOADs” , 
exhibit extrem ely large am plitude outbursts on rare occasions. These sys­
tem s have extrem ely low mass transfer rates and axe thought to be extrem ely 
old systems th a t have evolved beyond the period minimum. In our model 
they could also be systems in the low s ta te  of m ass-transfer which axe only
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observable because of their very low mass companion. Systems above the 
CV gap would not be detectable in this low s ta te  because the accretion disk 
brightness would be overwhelmed by the lum inosity of the star.
1.3 C V  E volution
In CVs a m ain sequence star transfers mass to  its compact companion via 
Roche lobe overflow. Thus the main sequence s ta r  is referred to as the mass 
donor star. For this mass transfer to be dynam ically and therm ally stable the 
companion m ust be less massive than the w hite dwarf and systemic angular 
m om entum  losses are required. If the mass donor s tar is more massive than its 
compact companion (the mass receiving star) then  the orbit tends to contract, 
thereby, causing run away mass transfer. In this way, the more the donor 
s tar loses mass, the smaller the binary orbit becomes, and the more mass is 
transferred resulting in catastrophic Roche lobe overflow. This catastrophic 
Roche lobe overflow will continue until the mass ratio is reversed or common 
envelope evolution ensues. The requirement th a t the mass losing star must 
be less massive than the compact companion (i.e. a  white dwarf) constrains 
the m axim um  period at which CVs axe observed. Since almost all white 
dwarfs have a  mass & 1.2M@, CVs are observed with period 12hrs. In the 
standard CV evolution scenario (see e.g. King 19S8; W arner 1995), binary 
evolution is determ ined by the interplay between mass transfer, which tends 
to expand the  orbit, and systemic angular m om entum  losses, which tend to 
shrink the orbit. Examples of systemic angular m om entum  losses include 
gravitational quadrupole radiation, as predicted from general relativity, and 
m agnetic braking, due to mass loss from the companion along the star’s
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magnetic field lines, which produces a braking torque. The balance between 
systemic angular m om entum  losses and the tendency of the binary to expand 
thus usually results in a  stable secular mass transfer rate whose magnitude is 
determined by the ra te  at which angular m om entum  is lost from the binary. 
The secular effect of these losses is to shrink the orbit and drive the binary 
to ever shorter periods until, late in the evolution, the companion becomes 
partially degenerate and begins to expand. Thus the shortest orbital period 
for CVs with hydrogen-rich companions is Pnun ~  75 min (Paczynski & 
Sienkiewicz 1981; Rappaport, Joss & Webbink 1982) in agreement with the 
observed period distribution (see e.g. Kolb 1996). Most CVs are expected 
to be in the phase of secular orbital contraction with the possible exception 
of some old systems -  the TOADs -  which may have evolved beyond the 
period minimum and are faint except when they undergo large amplitude 
outbursts (Howell & Szkody 1990; Howell, Szkody & Cannizzo 1995; Howell, 
Rappaport & Politano 1997).
An obvious and im portant feature of the observed orbital period distribu­
tion of CVs is the relative paucity of systems with periods between 2 and 3 
hours. Currently the best theoretical explanation for this feature is the inter­
rupted magnetic braking picture (Spruit &: R itter 1983; Rappaport, Verbunt 
& Joss 1983). According to this picture magnetic braking either ceases or is 
drastically reduced near PQrb ~  3 hrs due to a change in the magnetic dy­
namo processes or a change in the wind properties of the secondary. As the 
companion becomes fully convective the angular momentum loss rate drops 
suddenly by a factor of ~  10. The natural tendency of the binary to expand
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under mass transfer then briefly wins, the system detaches, and m ass transfer 
halts. Since the companion has been driven out of therm al equilibrium  by 
the  mass loss sustained above the  gap, the star returns to its therm al equi­
librium radius and must wait until gravitational radiation grinds the  orbit 
down to Porb ~  2  hrs when contact is re-established and the binary  becomes 
visible again as a  CV.
The energy released by accretion in a disk or accretion column is radiated 
away and a fraction of it illum inates the side of the companion facing the 
white dwarf. The irradiation of the  companion can influence the  above men­
tioned secular balance between angular momentum losses and m ass transfer 
and under certain conditions cause lim it cycles. The stability of m ass transfer 
in binaries with irradiated companions and the nature of the resulting limit 
cycles has been the subject of a num ber of recent papers (King 1995; King et 
al. 1995; 1996; 1997; R itter, Zhang & Kolb 1997; Hameury & R itte r  1997). 
Earlier studies of the reaction of the  companion to irradiation assum ed that 
the illumination was either spherically symmetric and steady (Podsiadlowski 
1991; Harpaz &c Rappaport 1991, Frank, King & Lasota 1992) or adopted 
other approximations and trea ted  closely related situations (Gontikakis & 
Hameury 1993; Hameury et al. 1993; Harpaz &: Rappaport 1995).
The dispersion in estim ated mass transfer rates M 2  a t a given orb ital pe­
riod (Patterson 1984) or sim ilarly the  dispersion in estimates of accretion disk 
absolute magnitudes at a  given binary orbital period (W arner 1987; W arner 
1995, see Fig. 9.8) is unlikely to  be the result of comparable dispersion in 
systemic angular momentum loss rates. If cataclysmic variables were driven
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at such diverse rates a t the same orbital period over secular timescales, the 
predicted period minimum and the position and width of the period gap 
would be inconsistent with the observed period distribution (Verbunt 1984, 
Hameury, King & Lasota 1989). Instead it has been proposed that the dis­
persion in M 2  is the result of cyclical evolution on timescales too long to 
be observed directly but too short to affect significantly the secular evolu­
tion (W arner 1987; King 1995). The irradiation-driven limit cycles discussed 
above m ay well provide a physical mechanism for such cyclical evolution as 
proposed by King (1995) and King et al. (1996). In subsequent papers, it 
was shown th a t pure irradiation cycles are lim ited to orbital periods 6  
hrs because th e  therm al inertia of the convective envelope of the companion 
increases rapidly  toward lower masses (King e t al. 1996; R itter et al. 1997). 
King et al. (1996) noted that a positive feedback between thermal limit cy­
cles and angular m om entum  losses (e.g. by coupled fluctuations in the rate of 
m agnetic braking) would extend the range of th e  instability to lower masses 
and shorter o rb ital periods.
This thesis explores the scenario proposed in King et al. (1996), as de­
scribed above, using numerical simulations. T he effects of cyclical changes in 
the mass transfer ra te  on the observable orbital paxameters of compact bina­
ries is investigated under various assumptions including both irradiation and 
coupled fluctuations in angular momentum losses. Increasing the systemic 
losses in proportion to the mass transfer during a  therm al cycle is effectively 
a  form of consequential angular m om entum  loss (CAML, Webbink 1985) 
and affects the  overall stability of the binary (King & Kolb 1995). A crucial
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point in developing a  realistic model for binary evolution is to  have a realistic 
model for the changes in radius of the mass donor star. It is also im portant 
to have a way to efficiently investigate the param eter space in order to ex­
plore the credibility of a  num ber of models and to be able to  do any kind of 
statistical study. We use a  bipolytrope code similar to the one developed by 
Kolb and R itter (1992) with some improvements and incorporate the effects 
of irradiation in the evolution.
The thesis begins in C hapter 2 describing the general laws which govern 
binary evolution. This sets the ground work necessary in order to discuss 
the binary evolution code in general. The binary evolution code is described 
from a historical and developmental point of view. Since the bipolytrope 
evolution code was developed in a series of steps from less sophisticated 
models it is easier to describe from this perspective. Chapter 2  concludes 
with a  detailed description of how the bipolytrope model is used to model the 
structure of a  main sequence star. Chapter 3 describes the standard evolution 
model. Examples using the code to produce standard evolutionary models are 
discussed. Included in this discussion are both examples of binary evolutions 
and examples of how the stellar structure changes during the evolution. In 
Chapter 4 we include irradiation into the overall model and present results of 
incorporating irradiation into our evolution model. In chapter 5 we discuss 
effects of the addition of CAML and some observational consequences. We 
sumarize the im portant results in the concluding chapter 6 .
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CHAPTER 2
THE BEPOLYTROPE CO DE
The bipolytrope code refers specifically to  the numerical model of a  main 
sequence star consisting of two concentric polytrope models. In a more gen­
eral sense, the bipolytrope code refers to a  type of binary evolution code 
which uses a bipolytrope model for the mass losing stax. It is in the second 
sense of the definition of a bipolytrope code that we begin the discussion 
with a general outline on the theory of period evolution in compact binaries. 
The modeling of the stellar structure using the bipolytrope code is discussed 
later in this chapter. We begin chapter 3 by returning to the discussion of 
the orbital evolutionary nature of the bipolytrope code.
2.1 P eriod Evolution
In this section we review the laws which govern the long term evolution 
of compact binaries. Compact binaries are systems with orbital periods of 
a  few hours where the accreting component is either a  white dwarf (CV), a 
neutron sta r or a black hole (systems containing a  neutron star or a  black 
hole are both classified as LMXBs). The mass losing s tar (the secondary) in 
such systems is typically a main sequence star. The primary effect of long 
term  evolution in such systems is to  drive the binary to shorter periods. Mass 
transfer and the secondary’s response to mass transfer can reverse this trend. 
However, it is clear from studying the distribution of observed periods th a t we 
gain insight to the temporal evolution of binary systems. Peaks in the period
18
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
19
distribution imply that binary systems remain a long tim e a t those periods. 
Dips or gaps in the period distribution suggest that systems rapidly evolve 
through those period ranges. (Ranges in period in which binary systems 
axe system atically brighter or dim m er due to high or low to non-existing 
mass transfer rates also effect the observed period distribution.) Thus the 
laws which govern the period evolution also govern the tem poral evolution of 
compact systems. The period evolution of compact binaries is governed by 
Kepler’s 3rd law, the effects of mass transfer, and orbital angular m om entum  
losses.
Insight into the nature of compact binaries can be obtained by examining 
Kepler’s 3rd law,
a ~  .dRq M mq* Ph* ■ (2 . 1 )
We have adopted a  convenient set of units: where a (the semi-m ajor axis) 
is given in solar radii units, Mmq (the total mass of the system) is given in 
solar mass units and P  (the orbital period) is given in hours. W ritten in this 
way it can be easily shown that for a typical CV orbital period of a  few hours 
an orbital separation of only a few solar radii is expected. From Kepler’s 3rd
law an expression for orbital angular momentum can be obtained as
-
J = Ml M2 { j f )  ■ (2-2)
Here M 2 is the mass of secondary and Mi  is the mass of the com pact object. 
Assuming fully conservative mass transfer, that is, all the mass leaving the 
secondary ends up on the  the compact object, and taking the logarithmic 
derivative of the orbital angular momentum J  we obtain
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S - T  + W - S )  <2'3>
where the dots indicate derivatives taken with respect to  tim e. This equation 
indicates, under th e  assumption of conservative mass transfer (M  =  0 , and 
Mi =  —M2) and assuming angular momentum is conserved (j  =  0 ) , th a t 
if the secondary is less massive than the compact object the result of mass 
transfer will be o rb ita l expansion (a >  0). Physically th is is because more 
mass is being placed closer to the center of mass. Therefore, the remaining 
mass M2 has to move to a wider orbit in order to conserve angular momen­
tum. If the mass losing s tar is the more massive object in the system , one
can see th a t catastrophic results could occur because as the  secondary loses 
mass the orbital separation shrinks (a <  0 ).
Mass transfer occurs when the secondary approaches close enough to the 
compact object th a t a surface fluid element is dom inated by the potential well 
of the compact object. This mass flow from the secondary to the compact 
object is governed by Euler’s equation
p ^  +  p ( v -  V v) =  - V P  +  f  . (2.4)
Euler’s equation w ritten  in the frame of reference ro tating  with the binary 
and talcing into account the contribution of centrifugal and Coriolis forces, is
<9v 1
—  -f v  - V v  =  — V3>/} — 2a; A v  V P .  (2.5)
a t  p
The Coriolis force per unit mass is represnted by —2u  A v . The Roche 
potential, is expressed in a co-rotating frame, taking into account the 
gravitational potential and centrifugal forces, such tha t
x. / \ GM\ GM2 1 . . 0  .
=  - ] 7 T 7 n  "  -  5 (“  A r )  1 (2'6)
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where r i , r 2 are position vectors to the centers of the two staxs and u  is the 
angular velocity of the rotating frame.. We show two plots of the Roche 
potential viewed from different aspect points in Fig 2.1. Far away from the 
two staxs this potential appears to be a  deep well centered on the center of 
mass of th e  binary system. Nearer the two staxs, the potential appeaxs to 
be two deep valleys separated by a high mountain pass located between the 
two staxs. A saddle point of the Roche potential, referred to as the L x point, 
creates the appearance of a  high mountain pass between the two staxs. The 
inner level surface surrounding the two stars, th a t intersect a t the Lx point, 
creates a figure eight shape. The loops in this figure eight shaped potential 
axe referred to as Roche lobes. A Roche Lobe radius, R i  can be defined in 
term s of th e  volume of a  sphere necessary to fill the Roche lobe. Material 
can flow from  a Roche lobe filling star, that is a sta r with a radius the size of 
i t ’s Roche lobe, R\_,, through the L x point and eventually onto its companion. 
In another analogy the Roche lobe potential could be described as a pair of 
adjacent bowls with different depths and a spout connecting them . When 
the more shallow bowl fills up, fluid is transferred to the second adjacent 
bowl.
A simple analytic formula was introduced by Paczynski (1971) to approx­
im ate the size of the secondary's Roche lobe R\_/a =  f(q):
f 1 = I* (r+r)1 = 462 (i t ?'q& °-8 <2-7>
where q =  M i j  M\.  There exists a  more accurate analytic approximation for 
the  Roche Lobe radius (Eggleton 1983),
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Figure 2.1: Plots of the Roche potential viewed from different aspect points. 
Two valleys appear to be surrounded by tall mountains with a  smaller moun­
tain  pass separating the two stars at the inner Langrange point. A mass ratio 
q =  M 2/ M i = .25 was assumed for this graph.
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however, Paczynski’s formula usually is sufficiently accurate for most nu­
merical work. In our numerical calculations we use Eggleton’s formula, but 
to  simplify the  algebra, we discuss the period evolution and the  stability 
properties of mass transfer in term s of Paczynski’s Roche Lobe formula.
Using Paczynski’s Roche Lobe formula along with Kepler’s 3rd law, a  
simple formula relating the orbital period to the mass of a m ain sequence 
Roche lobe filling secondary can be obtained. For main sequence staxs with 
^2/Re ~  M^/M©
A/2/M 0 »  0 . 1 1 »  R2/ R© - (2.9)
In the more general case without assuming a  specific radius-m ass relationship 
,the period-m ass relationship is
Ph «  9y/{R2/Re r / ( M 2/MQ) . (2.10)
The above two equations allow one to predict the equilibrium period expected 
for a  given mass of the secondary. Since the period of the binary orb it is one 
of the most fundam ental observational quantities and the mass of a sta r 
sets all the theoretical equilibrium  constraints, equations (2.9) and (2.10) 
are im portant diagnostic tools. Deviations from the equilibrium s ta te  of the 
secondary radius result in deviations in the binary’s orbital period from th a t 
given in (2.9) and (2.10). Of course the more general equation (2.10) could 
be adapted to these deviations from equilibrium but it would require a  more 
complicated assumption about the m ass-radius relationship than  a  simple
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power law. These deviations create some of the most theoretically interesting 
aspects of binary evolution (i.e. the CV gap and the period minimum).
Roche lobe overflow can be initiated in one of two ways. The s ta r can 
expand due to evolutionary effects such th a t its radius fills the Roche lobe 
or angular momentum can be lost from the system, shrinking the Roche 
lobe, and driving the system  into contact. The first scenario occurs when 
the companion star has exhausted its initial fuel and begins to evolve off 
the main sequence up the giant branch. Stars with masses 1 M0  have not 
had time since the form ation of the galaxy to  reach this stage of evolution. 
Therefore, mass transfer in com pact binaries can not be driven by simple 
stellar evolution since com pact binaries contain secondaries with too small 
a  mass. It is believed th a t com pact binaries m ust be driven into contact by 
angular momentum loss.
The most fundam ental driving mechanism for mass transfer is angular 
momentum loss due to gravitational quadrupole radiation. The equations of 
general relativity predict th a t a  binary system will emit gravitational radia­
tion with an intensity inversely proportional to  the fifth power of the binary 
separation. Although this radiation has not been directly observed, there is 
a  great deal of indirect evidence for its existence in the sense that the cu­
mulative effect of the radiation has been “measured” (e.g. Hulse & Taylor 
1974). It is clear that in com pact binary systems, orbits decay due to angular 
m omentum loss as a result of gravitational radiation. It is generally agreed 
th a t angular momentum loss due to  gravitational radiation is responsible for 
driving the mass transfer rates observed below the CV gap. The form of this
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angular m om entum  loss (Landau & Lifschitz 1987) is:
—32 G3 M i M2M
gl- 5 c5 a4gr (2 .11)
or
where, as before, 9  =  M 2 /M i .  Angular momentum loss due to  gravitational 
radiation becomes more dominant at small binary separations i.e. as a be­
comes small.
The nature of the mechanism which drives mass loss rates above the CV 
gap is a somewhat more controversial topic. The observed X-ray luminosities 
imply a mass transfer rate 2-3 orders of magnitude higher than  angular mo­
mentum losses from gravitational radiation alone is capable of sustaining. In 
the standard evolutionary scenario, CV systems w ith orbital periods longer 
than 3 hrs transfer mass at a rate close to the Eddington lim it, a rate of 
mass accretion a t which gravitation in fall is balanced by outward radiation 
pressure, approximately M 2 =  10- 8 yr-1. It is thought th a t magnetic braking 
angular m om entum  losses drive the evolution above the CV gap. We use a 
form of magnetic braking torque first proposed by Verbunt & Zwaan (1981). 
This formula was based on an empirical correlation for G stars derived by 
Skumanich(1972) and Smith (1979) which relates the  mean equatorial veloc­
ity to the age of the  star such that vc oc This decrease in rotation rate 
of main sequence stars with age was first noted by K raft (1967). We express 
the magnetic braking as:
=  - 5  x 10-29scm -V ~ 2 *:2 G ( 1  +  q)2K M 2 . (2.13)
V /  mb 9 “ 5
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Here /  is a  dimensionless param eter of order unity (we have adopted /  =  1). 
The param eter k  is the radius of gyration calculated from:
_  f / r V r  _  |  f r H M r
”  r 22m 2 ~  r 22m 2 • ]
Both the general motivation for considering angular m om entum  losses and 
the theoretical nature of these losses are described in the above paragraphs. 
Now more direct exam ination of how these losses drive the evolution of a 
binary system is required. Equation (2.3) relates mass loss and angular 
m om entum  loss to changes in the size of the orbital separation. A similar 
equation, describing how mass loss and angular momentum loss change the 
size of the Roche lobe, can be derived by taking the logarithmic derivative of 
the radius of the Roche Lobe in the form ( 2.7) and combining the expression 
for orbital angular m om entum  (2.2). This procedure yields an expression for 
the changes in Roche lobe radius,
R l =  2 J  2{—M 2) /5  M-
( ? - £ ) ■  «•»'R l J  M 2
The changes in the Roche lobe are due to a combination of two distinct parts: 
responses to angular m om entum  loss and responses to mass loss, such tha t,
R l  =  2 J  (A^)
R l  J  +CR M2 ' ( }
Here, all the changes associated with mass loss are parameterized by thus 
for conservative mass transfer
c *  =  ( - f + 2 t ) -  ( 2 J 7 )
It is clear a t this point, in order to complete the overall picture of how angular
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m om entum  loss drives th e  evolution of a  binary system, mass loss needs to be 
directly related to angular m om entum  loss. An expression for s teady -sta te  
mass transfer can be obtained if a  main sequence m ass-radius relation is 
assumed (e.g., i ?2 <x M2). It is necessary that for systems undergoing steady 
mass transfer R 2  =  Rl-  Equation (2 .2 ) along with the two expressions for 
R 2, given above, provide an equation for steady-state mass transfer
=  ~ j / J  f2 18,
M 2 ( i  - M z )  ' ( ’\3 mJ
This is a useful relationship since it relates magnetic braking and gravita­
tional radiation (as described above) to the steady-state mass loss rate.
Equations (2.3), (2.15), (2.18) were obtained under the assum ption of 
fully conservative mass transfer. In some cases, mass is lost from the  binary 
system, such as mass loss from disk winds and nova explosions. In fact, it is 
likely that white dwarf prim aries actually end up losing more mass than  they 
accrete as a  result of nova explosions. Therefore, it is useful to have a set 
of more general equations which take into account the degree of mass loss. 
If we parameterize the degree of mass which accumulates onto the  compact 
object over tim e as Mi =  — qM 2 the corresponding more general expressions
to ( 2.3), (2.15), and (2.18) are 
a _  2£  2 (—M2)
a J  M-2
R l 2 J  2 (—M2)
R l  J  M 2
and
( 1 - , Q ~ 3 T + ^ ( 1_C, ) )  , (2.19)
( l - ' a - 1z T T ? 1 - a ) )  ' ( 2 - 2 0 )
(2.21)
—M 2st =  - 2 J / J  
M 2 Ce — CR
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In the last equation, the thermal equilibrium  mass-radius exponent has 
been expressed as . Departures from the equilibrium  radius axe expressed
<2-22)
In the expression for Roche lobe changes (2.15) a similar generalized m ass- 
Roche lobe exponent can be defined as £r . Thus the changes in the Roche 
lobe due to mass loss can be parameterized by
cr = | - « < » - 5 T4 - ( i - “ )- <2-23)6  3 1 + 9
If the Roche lobe shrinks faster than the radius of the secondary, unstable 
mass transfer results. For example if £e — Cr <  the binary would be 
therm ally unstable. A more severe constraint on the  stability properties of 
mass transfer can be made if one considers the  adiabatic response of the 
secondary’s radius. In certain cases, under high mass transfer, the adiabatic 
response of the secondary will dominate the changes in R 2 . In these cases it is 
not the equilibrium  mass-radius relationship bu t the  adiabatic mass-radius 
relationship which determines the stability properties of the system. If the 
adiabatic m ass-radius exponent is expressed as £a, and £e is replaced with Cs 
in (2.18), an expression for adiabatic stability can be obtained. Proceeding in 
this m anner, if <  0 the binary would be adiabatically unstable. The
adiabatic expansion constant (£,) ranges from about 2/3 for fully radiative 
stars to  —1/3 for fully convective stars in our bipoly trope code. (r , as defined 
above, is a constant related to the Roche lobe geom etry and how m atter is 
d istributed in the system, i.e. conservative mass transfer or non-conservative. 
A more general discussion of stability properties of mass transfer is given
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in chapter 5 where we discuss the influence of orbital angular m om entum  
losses which are directly proportional to the secondary’s mass transfer rate. 
This type of angular m om entum  loss is referred to as consequential angular 
momentum loss or CAML.
2.2 Code H istory
In 1991 Podsiadlowski showed th a t if a star is spherically illum inated, 
the net effect would be th a t the star would expand to a radius a  few times 
its original radius and become fully radiative. Motivated by this discovery 
and its possible long term  effects on binary evolution as discussed in Frank, 
King & Lasota (1992) we set out to develop a simple code which could follow 
the evolution of com pact binaries with a spherically irradiated secondary. 
A model was developed to  follow the evolution of such a system which re­
lied on simplified physical assumptions about the changes in the radius of 
the secondary. In this so-called “toy model” we followed the orbital pe­
riod (Forb), the orbital angular momentum (J ) , the mass of the secondary 
(M2 ), the mass of the prim ary (Mi),  and the radius of the secondary (R 2 ) 
in tim e using a standard  fourth order Runge-Kutta integration routine with 
an adaptive step size. This code has served as the backbone of subsequent 
and increasingly more elaborate evolutionary models. The prim ary degree of 
added sophistication has been in modeling the radius of the secondary star.
The title “toy m odel” refers to the lack of sophistication incorporated in 
the modeling of the secondary’s radius. It is, however, useful and instructive 
to examine how this sim ple model worked. The changes in radius of the  sec­
ondary were modeled by considering two separate components: the  response
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due to  mass loss, and the response due to therm al changes. The general form 
for the radius variation can be expressed as
+ * < * ,* > > -  (2-24)
Here £, is the adiabatic mass-radius exponent and K ( R i ,  M2) represents all 
non-adiabatic responses, including thermal relaxation and responses to irra­
diation. We adopted C» =  — 3 which is strictly only correct for fully convective 
stars. Since adiabatic responses do not have a strong effect on the binary 
evolution until the secondary is close to fully convective, this was not a bad 
approximation. The therm al changes were represented by
A'(«2, M ,) =  (2 .2 5 )
IKH tU
where is a prescribed equilibrium radius and £kh is the Kelvin-Helmholtz 
timescale. In more sophisticated models, such as the bipolytrope code dis­
cussed below, the secondary’s response to mass loss is again “broken up” into 
two components: an adiabatic response to mass loss, or the direct response 
to mass loss, and a therm al component due to secondary’s new reduced mass 
as an indirect response of mass loss.
In a bipolytropic binary evolution code, the structure of the donor star is 
represented by a composite polytropic model. Much of the following draws 
heavily on work done by Chrandrasekhar (1939), Rappaport, Joss, and Web- 
bink(1982; hereafter RJW ), Rappaport, Verbunt, and Joss (1983; hereafter 
RVJ) and Kolb and Ritter(1993). Prior to the im plem entation of mod­
em  computers, Chrandrasekhar (1939) tabulated hand-w ritten  solutions for 
many different polytropic models. This laid the framework for m any sub-
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sequent com putations. In 1982, R JW  showed that for lower m ain sequence 
stars (M 2 -4M©) a single polytrope code could reproduce the theoretical
evolution of CVs including the period minimum. Main sequence stars in this 
mass range are almost completely convective and therefore can be modeled 
as a  polytrope with n — 3/2. A significant improvement was m ade by RVJ 
in 1983 by combining two polytropes in order to model stars w ith mass up 
to M 2  =  1.0M© . This W e is  done by modeling the inner radiative region as a 
polytrope of n  =  3 and the outer convective region as a  polytrope of n =  3/2. 
A consistent model is obtained by applying appropriate boundary conditions 
a t the interface of the two regions. By keeping track of the the size of the 
convective envelope as compared to the radiative core, this code allowed the 
determ ination of the mass at which an evolving main sequence s ta r  became 
fully convective. This mass is im portant because it is also the mass a t which 
magnetic braking ceases or is significantly reduced and thus the mass of the 
secondary at which a  CV system will enter and leave the period gap. This 
improvement in the model allows one to  reproduce the period gap. In 1993 a 
further refinement was added by Kolb and R itter which allowed the  radiative 
region to  take on polytropic indices in the range of n\  =  1.5...4. Kolb and 
R itter also replaced many of the fitting equations introduced in the previous 
two papers RJW  (1982) and RVJ (1983) and subsequent papers by Hameury 
et al. (1987) with tabulated results which were then interpolated. This type 
of code has been used to study population synthesis of CVs and effects of 
irradiation on CVs by Kolb and R itter. The bipolytrope code we developed 
is similar to  the Kolb and R itter version, however, a tabu la ted  degeneracy
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table W e is  added, which allows one to extend calculations to highly degener­
ate  stars. We have used the bipolytrope code and its various predecessors to 
study spherically sym m etric irradiation, evaporating binary pulsars, LMXB 
evolution, CV evolution and non-spherically symmetric irradiation. Prede­
cessors of the bipolytrope code include, the “toy model” (in which a  simple 
analytical equation is used to model the changes in the radius of the sec­
ondary), the single poly tropic model, and a bipoly tropic model similar to
RVJ.
2.3 The Code
In the polytropic model, pressure P is taken to be only a function of 
density p:
P  =  K p y =  K p ln+l)/n (2.26)
where K  is a constant which depends on the specific entropy. The equation 
of state is represented as
P  =  (2.27)m up
where k is Boltzm ann’s constant, m u is the mean atomic mass unit, p. is 
the mean molecular weight and D is an electron degeneracy factor (ratio of 
to tal gas pressure to  ideal gas pressure). The bipoly tropic model divides the 
lower main sequence star (stars with masses less than 1 .2  solar masses) into 
an inner radiative region ( “1” or “core” ) with a  polytropic index of 1.5...4, 
surrounded by a convective region (“2 ” or “envelope”) w ith polytropic index 
1.5. The boundary of these two regions is determined by a  param eter Q, 
which is the ratio of the radiative region’s radius to the to tal stellar radius,
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so tha t Q =  0 is a  fully convective star and Q = 1 is a  fully radiative star. 
The free parameters n i (the polytropic index in the radiative region) and hx 
(the entropy jump between the top of the radiative region and the surface of 
the star) axe adjusted to closely m atch theoretical and observed lower m ain 
sequence radii and luminosities. We write the density and pressure as
Pi =  Pc9in i, Pi =  /C1pc<n‘+1>/n‘01- (ni+1> (2.28)
in the radiative region ( 1 ), and
P2 =  Px923' 2 , P 2 =  K 2Pi5' 3952/2  (2.29)
in the convective region (2). Here “c” denotes quantities evaluated a t the cen­
ter of the  star, “i” denotes quantities th a t are evaluated at the core/envelope 
interface, and 9  is the dimensionless tem perature obtained from the Lane- 
Emden equation
=  =  ( 2 ' 3 0 )
We solve the Lane-Emden equation for 6 as a functon of f  (dimensionless 
radius),with nj =  1.5,2.0...4.0 in region 1 and n2 =  1.5 in region 2. Solutions 
are evaluated at the core/envelope interface, approaching from region 2  and 
from region 1, as well as at the stellar surface. These solutions axe labeled 
2i, li, and 2s, respectively. A table of 9X;, £2 29'2X, £2<i202i,an& ( —^ 2s592s) ~ 1^3 
is com puted for approximately 50 (^-values. The above quantities allow one 
to calculate the pressure and density a t the interface, the mass of the radia­
tive region, the total mass of the star, and the polytropic constant in the 
convective region, respectively.
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We use boundary conditions a t the core/envelope interface to restrict the 
model. The relationship between the solutions to the Lane-Emden equations 
and other physically measurable param eters such as density, pressure, mass 
and radius is determined by these boundary conditions. At the interface 
between the radiative core and convective envelope region, it is necessary 
th a t the density, pressure, mass and radius change in a  continuous manner. 
Continuity in density implies the boundary condition:
P li  =  P2i (2.31)
where
P u  =  PcW  (2.32)
and
P2i =  P - A l2 • (2.33)
Applying (2.31) with the definitions in (2.32)and (2.33) leads to
e3!-
Pc = P i j k r  - (2-34)
Continuity in pressure implies :
Pli =  P2i (2.35)
where
Pu = t f 1pc(ni+1>/n>01r (ni+l) (2.36)
and
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Pu =  K 2Pi5' 3952!2 . (2.37)
Equation (2.35) along with (2.36) and (2.37) yields
K x =  K 2Pl5' 3d52(2p ~ ( ^ ) 6%l+1) . (2.38)
As stated  above, density and pressure can now be obtained from 9u and an 
appropriate norm alization for 02\. Upon substituting for Pc in (2.35) with 
(2.34) one can combine the two boundary conditions into a  more general 
form
( l  l \  3
K i  — K 2Pi nx)e ~ **  . (2.39)
Thus we obtain  an expression for polytopic constant in th e  radiative region 
AV
Likewise, m ass continuity implies the boundary condition:
A/Xi =  M2i (2.40)
where
Ai(ni  +  1 )M u  =  —47T
and
4 t G
3/2 _3_
Pc2+2nie A  (2.4i)
/  'i  K  \  3^2
=  - * *  \ h d )  <2 -4 2 >
Finally continuity in the radius implies:
Ri i = Ru  (2.43)
where
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
36
^Xi =  fl
(nt +  l ) K i  (1. „ l)/wi 
4ttG Hc
1/2
(2.44)
and
(2.45)
Combining the above boundary conditions and elim inating K \ ,  /C2, Pc and 
Pi leaves two equations tha t constrain the acceptable solutions:
6i0ii(n,~1)/2
*ii
A (l+n,)/2 •'It
'2 (TU +  1 ) I 1/ 2
2 (xii +  1 ) 1/2
=
e*5' 4
(2.46)
(2.47)
The normalization 6 2 i =  1 is adopted so that the density a t the interface 
between region 1 and region 2  is pi. W ith this choice of 6 2 1 , f  is not continuous 
across the interface, i.e., ^  f 2j. W ith the appropriate boundary conditions
a t the stellar center it is possible to solve for 6  and £ in the Lane-Emden 
equation (2.30) by integrating from the center of the s tar outward. These 
boundary conditions are tha t at the center of the s ta r the density is finite 
and its derivative vanishes. The boundary conditions can be w ritten as
0!(O) =  1 and 0 'X(O) =  0 . (2.48)
At the interface between region 1 and region 2 the polytropic index is changed 
from the radiative index of nj =  1.5..4.0 to the convective index of n 2 =  3/2. 
W ith the above normalization and the boundary conditions (2.46) and (2.47), 
the integration can be continued to the surface of the star. This type of 
solution is done for five ri\ values in increasing increments of .5 starting with 
=  1.5 and for 50 Q values (the location of the interface) from 0  to .9 9 .
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The results were tabulated in a two-dimensional grid along with other useful 
quantities which depend exclusively on n j and Q.
Some global properties of the bipolytropic star can be defined if instead 
of evaluating 9 and f  at the core/envelope region we evaluate them  on the 
top of the convective zone (i.e. the  stellar surface) indicated by 2s. The total 
stellax mass M  and radius R  follow from equations (2.45) and (2.42) which 
yield
and
M  = ~ 4 ,r ( l | | ) 3/V 2« 5 A -  (2-50)
Note th a t in the discussion of the bipolytropic model we use simply M  and 
R  for the mass and radius of the stax instead of M 2 and R 2 to avoid possible 
confusion with region 2. Combining equations ( 2.49 ) and ( 2.50) we find an 
expression for K 2 in terms of the mass and radius:
A' 2 =  | ( 4 i?)2/3f ( Q ,  n i )G M l'3R  (2.51)5
where
/(< ? ." !) =  (-«!,«a . ) ' l / 3  • (2.52)
K.2  is evaluated in the convective region where n 2 =  3 /2  such th a t entropy is 
constant throughout the region. Since our model of the star is not isothermal 
this is a  property peculiar to n =  3/2 poly trope models and does not nec­
essarily apply in the radiative region. K u  can now be obtained from (2 .3 9 ) 
using (2.51). This produces a way to  calculate pressure throughout the star.
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An important quantity which can be obtained from the bipolytropic 
model is the timescale in which the stax reacts to the thermal changes. T he 
therm al timescale of the stax, known as the Kelvin-Helmholtz timescale, can 
be obtained from the ratio of the to tal energy of the star to the surface 
luminosity. The total energy of the bipolytrope stax is
E  =  - H ( Q , n i )G M 2/ R .  (2.53)
Thus the Kelvin-Helmholtz therm al timescale of the stax can be expressed
a s  G M 2
tKH = m Q , n l ) ^ - .  (2.54)
Likewise an expression for the  therm al timescale of the convective enevelope 
can be obtained from the convective enevelope’s is total energy
E  = - H 2(Q, th)G M 2/ R  . (2.55)
producing a timescale C M 2
tce = . (2.56)
X/g-iL
The convective envelope tim escale is im portant because the stax responds to  
irradiation on this timescale. H[Q,  n i) and H2(Q , n i) are numerical functions 
of order unity. In appendix A both H ( Q ,n i )  and H 2(Q,rii) axe derived in 
term s of the solutions to the Lane-Emden equation.
2.3.1 Adiabatic M ass Loss
The response of the stax to  mass loss occurs on a timescale different than  
the therm al response of the star. Combining the expression for to tal energy 
(2.53) and the polytropic constant of the convective envelope K 2 expression 
found from (2.51), one obtains
E  =  - | ( 4 x ) 2/3 t f ( « , M / ( Q , n i ) G 2 M 7 ' 3 Ar2- 1 . (2.57)
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Changes in energy due to increm ental changes in mass SM ,  a t constant K2 
are thus given by
SE_ _  ( d H \  SQ f d f  \  SQ 7 
E  ~  \ d Q J  H  +  [ d Q j  /  +  3
S M
M
+ 7  ©  (&) s m + w  ( s  I r n ) 6 M  <2'58>
where SQ is the increm ental change in the location of the core/envelope 
interface due to an increm ental mass loss SM.  Increm ental changes in SE 
due to an incremental mass loss S M  can also be expressed as
S E  = - G M S M / R  (2.59)
K 2 =  constant.
Equating (2.58) with (2.59) and solving for SQ we find
1H  ( d H  K d f \ %jrdnx \ (  S i u  =  S U J U ,  ( l  +  J 5 i - j  M —  j  ( d H  H d f \ ~ l 
3 Q + f  d Q )
(2.60)
where the subscript “ad" denotes the change in Q due to  mass loss. Changes 
in K 2 due to changes in Q occur as a result of the accompanying admixture 
of m aterial from the radiative core with a different specific entropy. This 
however is a second-order effect and can be neglected.
We find the correspondinding changes in R 2 due to mass loss from equa-
tioa  (2.51) SJimd S M  , I d f  dnl r , ,  . I d f  d Q
R 3 M  f d n , d M  f d Q d M ( '
where (d Q /d M ) &d6M  =  S Q ^  . The adiabatic stellar index is defined as
Cj =  ( d R / d M ) k2. An analytic expression for (s can be found:
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f 1 M  d f  dni  1 d f  [ 
[3 + f  8nx d M  + f d Q  [
d H  H  d f  
+d Q  f  dQ 
dH H  d f  1 d n x
+ M
- l
) ■
(2.62)
dni ' f  d n x J d M ‘
Note th a t the s in £, stands for constant entropy and is not the s which we 
use for quantities evaluated at the steliax surface. In order to avoid confusion 
some authors write as Cad- Thus, the response in the secondary’s radius 
due to mass loss expressed as a function of M ,  Q,  and nx is given by
6R  _  I 1 M  d f  d n x 1 d f  
R  ~~ | 3 +  /  dnx d M  +  f d Q
d H  H  d f  
+
I - 1H d H H  d f  +
d Q f  dQ 
d n x
- l
dnx f  d n x d M M
\  8J £ .
J M (2.63)
2.3.2 R esponse to  Thermal Changes
Using the logarithmic differentials of the equation for energy(2.53) and 
the equation for the polytropic constant K i expression(2.51)
8E_ _  ( d H \  5 Q _ 6 R  
E ~  \ d Q )  H  R
SI<2 =  f d f  \  SQ S R
Kt ~  \ d Q )  f  +  R  •
Combining (2.64) and (2.65) and solving for SQh yields:
SQ h
( S E  SI<2\  , (  1
- U + - s r ) ' U
d H + L * t l \
(2.64)
(2.65)
H d Q  ' f d Q )  ’ 
where the subscript h denotes changes in Q due to  thermal changes.
(2 .66)
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The incremental change in to tal energy SE  per increment of tim e St is 
determined by the luminosity deficit of the stellar model (i.e. L\ + L? — Ls)
such tha t SE  {Li + l 2 _  Ls)St
E  H ( Q ,n i ) G M 2/ R  ' 1  ’
L\ is the luminosity generated in the radiative core region due to nuclear 
burning. L 2  is the luminosity generated in the convective envelope region 
due to nuclear burning. La is the luminosity radiated from the surface of 
the stax. A more detailed discussion of how the nuclear burning generated 
luminosities are calculated is provided in Appendix A.
In the convective enevelope entropy s is proportional to the polytropic 
constant Ki.  The poly tropic constant K-i changes in response to the lumi­
nosity deficit in the convective region (i.e. + L 2 — Ls) as
S E 2 _  (L{ + L 2 — Ls)St
I<2 H K( Q , n x) G M 2/ R ‘ 1 -D0J
Here L\ is the radiative flux through the core/envelope interface. Hk ( Q, tii)
is given in terms of the solutions of Lane-Emden equation in Appendix A.
Combining (2.64) and (2.65) and solving for ^  an expression for the
total thermal response of the s tar can be obtained. Upon substituting the
definition SQh from (2 .6 6 ) the above procedure yields
(S_R\ = ( } _ d H 8 K 2 _  l d l 6 _ E \  ( ± d H  l 3 / \
\ R ) h \ H d Q K 2 f d Q  E ) ' \ H d Q  + f d Q j  '
This equation along with equation (2.63) for the adiabatic response of the
secondary’s radius given in the previous section allows one to follow the total
changes in the s ta r’s radius as a  function of time. Likewise, now changes in
the position of the core/envelope interface, i.e. Q,  can be followed in time.
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These changes can be followed using equations (2.60) and (2 .6 6 ) as Q changes 
due to adiabatic and therm al effects respectively.
2.3.3 Lum inosity at the Surface
The luminosity radiated by the star can be determ ined using th e  approx­
im ate surface pressure boundary condition
of state and the surface pressure boundary condition. If there were no ion-
this with an entropy jum p param eterized by a  free param eter h which is the
with the definition for h,  given above, an equation for the tem peratu re  at 
the surface Ts can be obtained, such that
(2.70)
where k s  is the radiative opacity and s indicates quantities evaluated at the 
photosphere (optical depth unity). In order to determine the surface tem per­
ature another constraint is required on P,  p and T  in addition to th e  equation
ization or molecular dissociation zones above the core/envelope interface, the 
entropy, p / T 3/f2 would be constant throughout the convective envelope. In 
fact hydrogen and helium ionization zones and hydrogen dissociation zones 
have a major effect on the otherwise constant quantity p / T 3/2. We model
ratio of the entropy a t the surface to the entropy which com pensates for the 
ionization and dissociation zones. This ratio of entropy is expressed as
'  (p/TWUnUv. 
Combining the ideal gas law a t the  surface,
(2.71)
(2.72)
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r . , , ( * ( r . ) , r , )  =  i £ ( ^ r ^ ,  (* •« )
where /cs is the surface opacity. The surface opacity is determ ined using the 
Los Alamos opacity tables which are interpolated with a  spline routine as 
a function of Q and n i. Equation (2.73) provides a way to determ ine the 
surface tem perature and thus the surface luminosity. The surface luminosity 
is im portant in determ ining the thermal changes in the s ta r  as discussed in 
the previous section.
The therm al response of the secondary tends to dom inate the period evo­
lution of CVs until the  secondary becomes highly degenerate or in cases where 
the secondary is losing mass a t an extremely fast rate such th a t the mass 
transfer timescale is much shorter than the thermal timescale. Responses 
due to mass loss which produce deviations from a set of therm al equilibrium  
models play an im portan t role in that they are responsible for many of the 
interesting observational features of the CV histogram such as the period gap 
and the period m inim um . The luminosity deficit both for the  entire s tar and 
the convective envelope region help determ ine the therm al timescale of the 
star and thus depend very strongly on the surface luminosity.
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RESULTS OF STANDARD EVO LUTIO NAR Y M ODELS
In the standard evolutionary scenario a star experiencing Roche lobe over­
flow (normally referred to as the secondary) will evolve along a  path  with 
decreasing period defined by its main sequence m ass-radius relationship via 
equation (2.10). In such a way, a mass transferring star moves from one 
therm al equilibrium  s ta te  to the next thermal equilibrium  sta te  defined by 
its new total mass. Infinitesimally small steps define the transition from one 
equilibrium s ta te  to the next. Deviations from this path  occur because of 
slight adiabatic expansion in the radius of the s ta r due to mass transfer. 
These deviations increase as the mass of the secondary decreases. At about 
.25M© the stax becomes fully convective and m agnetic braking ceases to be 
an effective driving mechanism for mass transfer.
3.1 Equations G overning the Orbital Evolution
Taking the th e  logaxithmic derivatives of Kepler’s 3rd law (2.1) and orbital 
angular m om entum  (2 .2 ) and isolating the period dependency produces an 
convenient expression th a t allows one to follow the changes of period in time
p  M - i  M  J
p - - 3 w r 3M + M + 3 i -  (3 *
This expression assumes th a t orbital eccentricity is neax zero. This assump­
tion is almost always true for compact binaxies, since tidal forces tend to 
circularize the binary orbit on a short time scale. As long as the eccentricity 
of the orbit rem ains small it is an adequate approximation. We axe basically
44
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making the assumption th a t the binary evolves directly from one circular or­
bit to  the next circular orbit. In order to incorporate changes in eccentricity 
a term  of 3 ee /(l — e2), where e is the orbital eccentricity, would need to  be 
added to the right-hand side. This expression is written in such a way tha t no 
assumptions about mass loss (i.e. conservative or non-conservative mass loss) 
or the nature of angular momentum loss are assumed. These assumptions 
can be built into the definition of M\,  M 2 , and J.  Thus the expression (3.1) 
is extrem ely versatile, allowing one to incorporate many different varieties of 
assumptions about angular momentum loss and mass loss.
Changes in angular momentum (J ) were calculated from the predicted 
angular momentum losses due to gravitational radiation (2 .1 1 ) and magnetic 
braking (2.13). It is believed that magnetic braking ceases or is substan­
tially reduced when the secondary becomes fully convective. This decrease 
in angular momentum loss must happen on a timescale much shorter than 
the therm al response tim e of the secondary in order to reproduce the CV 
gap. Either an instantaneous magnetic braking cutoff or an exponentially 
decaying magnetic braking cutoff have been shown to produce qualitatively 
similar results. In addition to the standard systemic angular momentum 
losses, losses due to winds and mass loss from the prim ary have a t times also 
been incorporated into the calculation.
The mass loss rate can be predicted using the stable mass transfer equa­
tion (2.21) from chapter 2. However, in the evolutionary calculations pre­
sented here, the stellar radius, binary separation and Roche lobe radius all 
change on timescales comparable to  the thermal timescale of the convective
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envelope (King et al 1996; 1997). Therefore the stationary mass transfer 
equation does not apply and we m ust calculate the mass transfer using (R it­
te r 1988; Kolb & R itter 1990):
M 2 =  Mo exp ( H- ~ ^ L)  , (3.2)
where Hp  =  eR2 is the pressure scale height, and we take M0 =  —10- 8 MQ/y r. 
T he exact value of this constant does not m atter as we are not interested 
in the  precise depth of contact which yields the stationary mass transfer. 
In order to reduce trivial numerical instabilities (which can be overcome 
by sm aller timesteps) we adopt e =  1 0 - 3  rather than  e =  1 0 -4 , which is 
more appropriate for near m ain-sequence companions. However, we have 
done some calculations with e =  1 0 - 4  and find qualitatively sim ilar results, 
including the smaller e =  1 0 - 4  results in a  more tightly contacted system. 
In every tim estep we calculate the mass transfer, remove that mass from the 
secondary, allow it to adjust obtaining a new R 2, evolve the binary according 
to  the  angular momentum and mass losses experienced, calculate the new 
and iterate.
Using our bipolytrope code we are able to reproduce all of the standard 
evolution of CVs. This includes the existence of a  minimum period and a 
period gap between approximately 2 and 3 hrs, as well as a  “flag” when 
contact is reached at the lower lim it of the period gap. A typical example 
of this evolution is shown in Fig. 3.1 in which we plot the period evolution 
versus mass of the secondary. During the main sequence phase, the binary 
evolves along a set of periods defined by its m ass-radius relationship M2 oc R 2 
such th a t it follows a line with a slope of one in a  log(P) vs. log(A/2) plot.
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Figure 3.1: An Example of a  standard CV evolution without irradiation. In 
this case the companion, with a  initial mass M 2 =  1.0M®, is shown to come 
into contact at period of around 7 hours and evolve to shorter periods. Lines 
indicating the position of the equilibrium main sequence assuming M 2  oc R 2  
and the position of the degenerate sequence assuming M 2  oc R ^ 1^  are given 
for reference purposes. The period minimum, the position and w idth of the 
period gap agree w ith the expected values.
As the secondary becomes degenerate and mass transfer starts  to dom inate, 
the secondary’s mass radius relationship changes to M 2 oc R£ ’1^3  producing 
a  set of periods which follow a  slope of negative one in a log(P) vs. log(A/2 ) 
plot.
3.2 Stellar Evolution as a R esu lt of M ass Loss
The bipolytrope code calculates the size of the radiative core com pared 
to the size of the full stellar radius, Q. When this quantity Q goes to zero,
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Figure 3.2: A graph, showing how Q changes as a function of mass. When 
Q reaches an arbitrary  small value ie Q =  .07 we define the sta r as com­
pletely convective. This is justified by the steepness in the slope of Q as 
it approaches zero and the following graphs showing the  tem perature and 
density dependencies.
the secondary becomes fully convective. The dependence of Q on mass is 
dem onstrated in Fig 3.2.
W hen Q =  0 the tem perature and density at the core/envelope interface 
becomes equal to their corresponding values at the center of the  star. We 
show how the density a t the interface and a t the stellar center changes as 
a function of mass in Fig 3.3. We show how the tem perature a t the inter­
face and a t the stellar center changes as a  function of mass in Fig 3.4. In 
both graphs the interface values become equal to the stellar center values
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Figure 3.3: A graph showing the density at the  interface (dotted line) and at 
the stellar center (solid line) as a  function of mass. When the star becomes 
fully convective p\ =  pc. The densities are given in units of g/cm 3
as the sta r becomes fully convective. Also all the nuclear luminosity is now 
generated in the convective region.
Besides determining the effective structure of the secondary, Q determines 
the mass a t which magnetic braking ceases to  become an effective means of 
orbital angular momentum loss. Since this will happen when the secondary 
becomes fully convective, i.e. the point at which Q =  0. At this point the 
m axim um  separation between the path of therm al equilibrium models and 
the actual path  has been reached. Since the mass transfer timescale suddenly 
increases by an order of magnitude due to th e  cessation of magnetic braking,
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Figure 3.4: A graph showing the tem perature at the interface (dotted line) 
and a t the stellar center (solid line) as a  function of mass. W hen the star 
becomes fully convective the T\ =  Tc. The temperatures are given in units of 
10 6I<
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the adiabatic expansion component minimizes and the stax shrinks to a  radius 
closely corresponding to the radius at thermal equilibrium. The radius thus 
shrinks on a timescale shorter than  the orbital timescale, the Roche lobe does 
not have time to adjust and the stax shrinks out of contact from the Roche 
lobe. For a  time, a  short period detached (non-m ass-transferring) binary 
exists. However, gravitational radiation will eventually bring the system 
back into contact. This detached phase is dem onstrated in Fig. 3.5 in which
and R2 axe plotted as a  function of time. The period gap occurs when the 
radius, R2, detaches from contact with the Roche lobe radius and shrinks to a 
size much smaller than  the Roche lobe radius. The secondary remains out of 
contact for about 5 x 1 0 8 yrs. During the detached phase, the orbital period is 
decreasing and thus the Roche lobe is shrinking. This phase continues until 
the system comes back into contact.
The width of the CV period gap is determined by the ratio of the therm al 
timescale to (< k h ) to  the  timescale for mass loss = M 2/ M 2 or approxi­
m ately the angular m om entum  loss timescale (t j  =  —J / J )  . We present a 
graph, Fig (3.6), of ^kh /O  versus M 2 in order to dem onstrate the relative 
timescales. For t ^ n / t j  > 1 the mass transfer timescale s ta rts  to  become 
im portant. Thus for these masses the adiabatic responses of the secondary’s 
radius is im portant.
In order to reproduce the 2-3 hr period gap the secondary cannot be too 
fax out of therm al equilibrium  when magnetic braking ceases to  become an 
effective driving mechanism (i.e. when the secondary becomes fully convec­
tive). A ratio of t ^ / t j  =  2 reproduces the observed CV period gap.
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Figure 3.5: An Example of a standard CV evolution without irradiation. R 2  
(dashed line) and Ri, (solid line) axe plotted as a  function of time. In this 
case the initial companion mass M 2  =  l.OMg is shown to come into contact 
in about 1 0 7yrs. Shortly after 2  x 1 08yrs the system begins to enter the 
period gap and detaches. The system remains detached for about 5 x 108yrs 
while gravitational radiation slowly drives the system back into contact.
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Figure 3.6: A graph of the ratio of the thermal timescale ( £ k h ) to the angular 
momentum loss timescale ( t j  = —J / J ) .  The secondary evolves adiabatically 
when t x i i / t j  is much greater than one and therm ally when £kh/£j is much 
less than one. A balance is maintained between the thermal and adiabatic 
stellar response when £kh/£j is approximately equal to one. Note that a t the 
upper edge of the period gap, £kh/ 0  =  2 .
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Figure 3.7: A graph of mass transfer rate versus period in which we isolate an 
im portant feature of the evolution known as the “flag.” This feature occurs 
as the result of a  slight adiabatic expansion as the system  comes into contact 
below the period gap.
W hen contact is reached below the CV period gap, the secondary will 
expand slightly due to adiabatic mass transfer. This expansion will be small 
compared to the expansion in radius at higher mass transfer rates. This effect 
is im portant because it is responsible for a feature known as the “flag” below 
the CV period gap. In Fig. 3.7 we present a graph in which we isolated 
the “flag” feature. The “flag” is im portant because it provides a partial 
explanation for why systems seem to pile up on the  lower edge of the period 
gap. This is because systems at the lower edge of the period gap are on 
average brighter than  their counterparts farther below the CV period gap.
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These systems also spend a  longer tim e evolving through the “flag” phase of 
the evolution.
W hen the secondary comes into contact above the CV gap, the initial 
contact phase will depend on the value of adiabatic mass-radius exponent 
Cj- If the secondary has a negative Cj then the initial reaction will be an 
expansion of the secondary. The expansion of the secondary will produce a 
feature in the M 2 vs Period graph similar to the “flag” feature below the CV 
gap. Thus as the secondary expands adiabatically mass transfer increases 
above the secular value and the period increases. If the secondary has a  
positive Cj the secondary will shrink initially in response to mass transfer. 
This will result in a  m ass-transfer rate which is below the secular rate. The 
sign of Cj has im portant consequences on the long term  evolution of the 
CVs, a negative Cj produces a tendency for the secondary to expand and 
thus is responsible for the secondary’s expanded size a t the top of the CV 
gap and is also responsible for the expansion of the secondary beyond the 
period minimum. We show (, as a  function of mass calculated with the 
bipolytrope code in Fig. 3.8. This run of C* 3 3  a function of mass agrees 
with more sophisticated models in sign but underestim ates the value of Cj 
above M 2 >  .75M©. For secondaries with masses less than ~  .6 M© Cj is 
negative so as the mass transfer ra te  timescale t ^ 2 becomes small compared 
to the therm al timescale £kh the secondary’s radius expands. In Fig. 3.9 the 
changes in therm al timescale <kh and angular m om entum  loss timescale t j  
(i.e. mass transfer timscale) as a  function of mass are compared.
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Figure 3.8: A graph of £, as a function of mass. In this graph changes 
sign around M 2 =  .54M® and continues to become more negative until the 
secondary has become fully convective at which =  —1 / 3
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Figure 3.9: A graph of the therm al timescale, Zkh (solid line), and the an­
gular momentum loss timescale, t j  = —J / J  (dashed line), as a  function of 
secondary mass. The adiabatic response of the secondary starts to become 
im portant for Z k h  >  t j  when Z k h  <  Zj the therm al behavior of the secondary 
dominates. A balance is m aintained between the thermal and adiabatic stel­
lar responses when Zkh ^  Zj. Note th a t t j  becomes smaller than Zkh around 
.7Mq and just before the period minimum. As the binary enters the period 
gap t j  becomes suddenly much longer than Z r h -
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As the stax evolves below the gap the mass transfer timescale decreases 
and the s tar becomes more and more degenerate. As the mass transfer 
tim escale decreases the stax again moves farther away from therm al equi­
librium  models. T he increase in degeneracy has the effect of considerably 
increasing the therm al response time. A combination of these two effects 
eventually leads to orbital expansion with mass loss and thus creates a pe­
riod minimum below which hydrogen burning staxs axe not observed. Our 
bipolytrope code includes some improvements in the treatm ent of the  degen­
eracy, which axe im portant for low masses but is otherwise very similar to 
the version described in more detail in Kolb & R itte r (1992).
Using our bipolytrope code we axe able to reproduce all of the standard 
evolution of CVs. This includes the existence of a minimum period and a 
period gap between approximately 2 and 3 hrs, mass transfer rates ~  1 — 2 
orders of magnitude larger above the gap than below, and a “flag” when 
contact is reached a t the lower limit of the period gap. A typical example 
of a  set of standard evolutions coming into contact a t different periods and 
converging to a common evolutionary path is shown in Fig. 3.10 (see also 
Stehle, R itter & Kolb 1996).
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Figure 3.10: Examples of standard CV evolutions without irradiation. In 
this figure three evolutionary paths with initial companion masses M 2 =  
0.6,0.8,1.0 M® axe shown to come into contact at different periods and con­
verge at shorter periods. The period minimum, the position and width of 
the period gap are virtually the same.
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CHAPTER 4
EVO LUTIO N W ITH IR R A D IA TE D  COM PANIONS
After a  brief discussion of previous related work, we present results of 
our simulations for cyclic evolution driven by irradiation with and without 
taking into account mass loss from the prim ary during nova outbursts.
4.1 A R eview  of Past Irradiation M odels
As sta ted  in the previous chapter, Podsiadlowski in 1991 showed tha t 
in the spherically symmetric irradiation case with a flux of Fin- 1 0 u  — 
10I2ergcm- 2 s_l a lower main sequence (M 2 ^  .8 M©) s ta r’s radius will swell. 
The expansion occurs on the thermal timescale and eventually the star will 
become fully radiative. The irradiated surface acts as a  therm al blanket caus­
ing the s ta r to lose energy in a less efficient m anner. A low mass star under 
these conditions may expand to a few times its original equilibrium radius 
as a result of the star trying to store the blocked energy in its gravitational 
and internal energy. In the completely spherical case this is the only place 
the excess energy can be diverted. It was further proposed that a  source 
for this irradiation might be X-rays produced from accreting m atter onto a 
neutron star. Since accretion onto white dwarfs would produce two-three 
orders of m agnitude less intense flux, scaling inversely to the radius of the 
compact object, it was thought that irradiation from white dwarf accretion 
would only have a very small effect. In the case of low mass X-ray binaries 
the irradiated star would expand to its new equilibrium radius but as the
60
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
61
star became fully radiative m agnetic braking would cease and the  new fully 
radiative s ta r would not be able to  m aintain the enhanced mass loss rate at 
the new equilibrium. Thus mass transfer would cease and the star would 
slowly evolve back to a  period in which the star would reach contact with its 
Roche lobe according to a mass radius main sequence relationship. During 
these slow migrations back into contact, the LMXB would remain dormant 
and would not be observed as X-ray sources. This scenario was proposed 
by Frank, King & Lasota 1992 to  explain the lack of progenitors of spun up 
binary pulsars as noted by Kulkarai and Narayan (1988). The key caveat 
to the proposed theory was the assumption of spherical illumination. It was 
later shown th a t this assum ption was unlikely to reflect the true  nature of 
the effecting irradiation without some serious ad hoc assumptions. Hameury 
et al. (1993) and Gontikakis & Hameury (1993) showed through simple argu­
ments that the spherical assum ption for irradiation was most likely flawed. 
In addition, by eliminating the spherical assumption and simulating only 
half hemisphere irradiation the net effect on the secular evolution is small. 
There is also observational evidence which suggested that some stars can 
have a very hot side and a very cool side. The so-called reflection effect is 
an example of this.
In the non-spherically symmetric case, which is more likely to  reflect the 
true nature of the irradiation, the  excess energy can be transported through 
convective currents and released through the unirradiated side. This has 
the effect of diminishing the expansion of the star. However, even when a 
fraction of the s tar’s surface is illum inated, the resultant radial expansion of
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a  few percent is still m uch larger than the atmospheric scale height and may 
cause mass transfer cycles of large amplitude. In a recent series of papers 
(King et al. 1995,1996) it was discovered that X-ray heating from  white 
dwarfs could affect the secular evolution of CVs because the efficiency of the 
irradiation was small enough to drive limit cycles. Thus, instead of evolving 
a t a slightly higher but basically parallel period mass sequence, CVs would 
evolve through limit cycles.
4.2 Q uantitative T reatm ent o f Irradiation
In order to describe the effective irradiation region we assume the  radia­
tion is coming from a point source. The irradiation flux at the stellar surface 
is
ip / o \  *7 G M i M i
F ( 4 ' 1)
In the equation above, r\ is a  dimensionless param eter describing th e  efficiency 
of the X -ray irradiation, and h(6) is a geometric factor defined as
^ = —2kLY:^ . <«>
where fa is the ratio of the secondary’s radius to the orbital separation 
(/?2 /a ) . We can define a dimensionless irradiated flux as the ra tio  of im­
pinging irradiated flux over unirradiated stellar flux,
*(«) =  ^  , (4.3)
and a dimensionless stellar flux as
<?(*(«» =  £  =  -  m  (4 .4 )
Jo
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the ratio of th e  emerging stellar flux from an irradiated  s ta r to th a t of the 
unirradiated star. In this model the effective lum inosity of the secondary, 
taking into account the effects of external radiation, is:
L  =  47r JR2V r efr,o4 (4.5)
where the sum  of the bracketed terms gives the fractional effective surface 
area through which the stellar luminosity escapes. Conversely we can write 
luminosity as
£ ( s ef f ) ( =  4 7 r R 2 2 ( l  -  5 ef f ) <j 2"eff,04 . (4.6)
Here Seff is the  fractional surface area over which energy is blocked such that
( l ~ M i ) ) +  f  G(x(0))  sin Jo
ede (4.7)
We show in Fig. 4.1 an example of how the  effective blocked surface 
area Seff changes as a function of tim e during an evolutionary calculation, 
assuming t j  =  .1. Note that the effective surface area blocked is always 
smaller than th e  irradiated area s-irr =  0.5(1 — / 2) =  .32 due to G(x). The 
function G (x)  contains all the information on how the superadiabatic layers 
adjust and how effectively they block the internal luminosity. The point 
source model is outlined in detail in King et al (1996) and Ritter, Zhang, 
and Kolb (1997).
In our quantitative treatment of irradiation on the structure of a main 
sequence star, we adopt the simple model introduced by R itter, Zhang, and 
Kolb 1997 (hereafter RZK) in which a  one zone approxim ation is used for the 
superadiabatic layers. In the one zone model, convection is assumed to be
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Figure 4.1: An example of seff, the effective surface area which is blocked 
as a function of time. (seff changes in tim e as the result of therm al cycles 
and secular evolution.) An irradiation efficiency of 7  =  .1  was assumed in 
this model. The model corresponds to the model shown in Fig. 4.4 with an 
irradiation efficiency of 7  =  .1 . W hen seff =  0, the star loses energy as if 
there was no irradiation present.
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adiabatic up to a fictitious boundary. Above this boundary a  superadiabatic 
zone extends up to the photosphere. In the superadiabatic zone, convection 
is an ineffective method of energy transport, so the simplifying assumption 
is made tha t energy is transferred via radiation only (V  =  V raa). We replace 
the  “true” structure with one in which we assume convection is adiabatic out 
to  a pressure/tem perature boundary point such that P  = Pb and T  =  7b , 
where B indicates the base of the superadiabatic zone. The superadiabatic 
zone extends up to the surface of the star (i.e. the photosphere) a t which 
P  =  Pph and T  = T ^ .  On the irradiated part of the star Tcft =  Thr >  T0, 
where To is the effective tem perature with no irradiation. 7b is assumed to 
be uneffected by irradiation. Irradiation reduces the tem perature gradient 
V  and thus the rate at which energy can be lost through the superadiabatic 
zone. In this way the superadiabatic zone acts as a valve which is open 
when there is no irradiation and restricts the amount of energy which can be 
released as the amount of irradiation is increased.
The one zone approximation provides a way to calculate TSrrC-Firr) from 
which G(x) and the total effective luminosity can be calculated. This is done 
by modeling the superadiabatic layer as one zone (as described above) and 
assuming the optical depth through the layer is large enough for the  diffusion 
approximation to hold. The radiative flux is the given by
f — 5 5 T P  ( 4 ' 8 )
where a radiation constant, c is the speed of light and k is the  opacity. If 
we consider the transport of flux between two surfaces of constant pressure 
located between the boundary layer and the photosphere such th a t Pph <
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P\ — P2 < Pb • T he radiative fluxes are
Frad = F  = - ^ - [ ^ - }  ,z =  1,2 (4.9)
therefore, ^  =
«2/>2 T2 dT*/dr2 
Now we assum e a power law approximation for opacity  such th a t
k =  const.PaT b (4.11)
and use the ideal gas equation
P  =  ~t>T; (4.12)
P
where H  is the gas constant and fi the mean m olecular weight. Since, in 
the region of interest, both hydrogen and helium are neu tral (the dominant
species), we can assume fii = fi2. Therefore, with Pi = P2 we have
p\T\ — P2 T2 • (4.13)
Inserting (4.11) and (4.13) into (4.10) we obtain
Fi T i l ~b(dT4/dr)i (dT5~b /  dr)i
F2 T2l~b{d T ^ d r )2 (dT5~b/d r )2 '
Now we make the  one-zone approximation by writing
d T n _  T n(P  = Pq) — T n(P  =  Pph) _  T ns  -  T neff 
dr A  r  A r
d l n T  =  ln T ( P  =  PB) -  In T (P  = Pph) _  lnTs  -  I n T ^  
dr A  r  A r
(4.14)
(4.15)
(4.16)
By associating layer 1 w ith the unirradiated layer, i.e. set F\ =  Fq and 
Teff.i =  To and layer 2 with the irradiative layer, i.e. set F2 = F  and Tegt2 =
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Tin- jrQ 1 aT* TB5~b -  r o5" 6
F  G  a l 2 t - F itr r B5~ 6 - ^ - 6 (4' 17)UT
W here A rx =  A r2 is assumed. Tin- as a function of T0, 7b, and can be 
determined from (4.17) thus G(x)  can also be determined. G(x) along with 
equation (4.5) can be used to determ ine the new effective irradiative lumi­
nosity for a point source illum inated secondary. The assumption A rj =  A r2 
has the effect of underestim ating the blocking effect somewhat since in real­
ity A r2 >  A ri and thus the tem perature gradient calculated in (4.17) on the 
irradiated side is somewhat lower. Since 6  is not precisely determ ined in the 
one zone model b could be adjusted to compensate for the underestim ation 
of the effects of irradiation as described above. We adopt a  value for 6  =  4 
which is consistent with published opacity tables.
Also from equation(4.17) one can obtain an expression for g{x) =  —dG /dx  
which is important in determ ining the stability of the system under irradia­
tion
a  =  ^  ^  fn -T -4 — F- 1 =  1 —  4 < t T 3  £^ ir9 j p  -^ irrj 1 4o^ijrrdx dF\„ ,rr ,rrj m dFa
nTQAT £ x
(4.18)nT04T £ r l +  47? (73 -  r on)
The expression g(x)  helps determ ine the irradiation expansion coefficient and 
thus to  what degree the secondary expands to irradiation. The im portance 
of this quantity in determining the stability of mass transfer is discussed in 
detail in the last section of the next chapter.
Both G and g depend on two physical parameters of the unirradiated 
sta r namely To and 7b and on the opacity law which determines b. Now
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To is a  well-defined quantity, however, 7b is not. 7b is the tem perature at 
the  base of the superadiabatic layer or the point a t which energy transport 
changes from convective to  radiative. In real stars this transition occurs 
over an extended region and not just a t  a particular point. We obtain 7b by 
requiring in the full stellar models tha t the  convective flux Fcoav, as compared 
to  the radiative flux FUa, reach a  certain  ratio such th a t Fconv/F rtui = k. This 
is equivalent to the condition V raa =  (k  +  1)V. Now the choice of the value 
of k  is rather arbitrary however the natural seems to be k =  1 . This simple 
model is only acceptable if T&(k) is sufficiently insensitive to k. We show in 
Fig. 4.2 that this is indeed the case.
Fig. 4.2 also shows th a t below .65M© the superadiabatic zone is rather 
small. Stars with masses smaller than  ~  .6 M© are almost completely adi­
abatic up to the photosphere. Therefore, technically the sim ple one zone 
model, which assumes the diffusion approximation of equation (4.8) does not 
apply. However, subject to the condition that Tin- >  T0 (that is the  flux from 
the irradiated star is always greater than  that of the unirradiated star) the 
one zone model reasonably approxim ates the behavior of the s ta r  in th a t it 
lim its the the maximum response of the star to irradiation. In more sophisti­
cated models by Hameury and R itter (1996) it was found th a t the one-zone 
model gives a response to irradiation which is at least qualitatively similar 
to  more sophisticated models for the range of mass below .6 M©.
4.3 M odeling R esults o f Irradiation
In this section we present evolutions obtained with the one zone model 
described above. We also discuss and compare the model w ith results of
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Figure 4.2: A graph demonstrating the dependence of the ratio To/Ts  on the 
assumed value of k  =  Fconv/ F ^ .  As labeled above k =  0 is the dashed line, 
k =  1 is the solid line, and k — 0.5 is the dotted line, k =  1 is the adopted 
value for the current simulations. This graph is based on d a ta  from full 
stellax models provided by RZK. We also use the d a ta  to  determ ine T b / T q 
as a  function of mass.
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calculations done with more detailed treatments of the blocking (Hameury 
& Ritter 1997) in which full stellar models are used to produce a table of G ( x ) .  
In our first set of irradiated models, shown in Fig. 4.3, we include only the 
effects of systemic angular momentum losses, i.e. gravitational radiation and 
magnetic braking, while ignoring possible angular momentum losses during 
nova outbursts.
The mass transfer rate is plotted as a function of companion mass rather 
than orbital period, with progressively larger 77. This choice makes it easier to 
compare similar sequences of models calculated with different assumptions. 
An inspection of these results shows that mass transfer rates oscillate only 
if 77 .03 is assumed and that they always die out before the secondary
reaches M 2 =  .65 Mq. For smaller values of 77, no mass transfer cycles occur. 
These results are in agreement with previous analytic and numerical work 
(King et al. 1995; 1996; RZK), but it is the first time that the evolution 
has been followed self-consistently through the period gap and below. These 
graphs show that significant amounts of mass transfer oscillations occur when 
77 .05, and for even larger values (7 7 .2) we also get mass transfer cycles
below the period gap.
In contrast to the models shown Fig. 4.3, RZK included systemic and 
angular momentum losses due to mass loss from the primary assuming all 
mass accreted was lost in nova outbursts carrying away the specific angu­
lar momentum of the primary. We assume for our calculations that mass 
is transferred in a non-conservative manner. That is, the mass of the com­
pact object remains constant, while angular momentum is carried away. We
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Figure 4.3: A set of evolutions with increasing irradiation efficiency t j  values 
from top to bottom . The mass transfer rate is shown here as a  function of 
companion mass. The discontinuity occurs when the companion becomes 
fully convective, the binary detaches and enters the period gap. Limit cycles 
below the period gap occur in the last t j  =  0.2 model. All the models have 
some mass transfer oscillations but they only become significant with rj 
0.05. It is assumed tha t M \ — const, and no angular m om entum  is lost with 
the mass leaving the system (e.g. in nova outbursts)
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discuss the effect of this type of angular angular momentum loss and other 
similar angular momentum loss at a  rate
, (4.19)
where is an adjustable dimensionless param eter measuring the specific 
angular momentum carried away in units of the  specific angular m om entum  
of the  white dwarf. Clearly this angular m om entum  loss is a  form of CAML. 
In a  “real” CV things are a  bit more complex: between nova outbursts mass 
is conserved, but the mass accumulated on the prim ary is lost on timescales 
generally much shorter th an  those characteristic of the cycle. Thus only in 
an average sense do orbital param eters evolve following equation (4.19). A 
more sophisticated calculation akin to  the “hibernation scenario” (Livio & 
Shara 1987; Kovetz, Prialnik & Shara 1988) where nova outbursts and the  
the effects of the irradiation by the hot white dwarf are modeled as well is 
beyond our present scope.
A sequence of evolutions with different t j  values and /?x =  1.0, that is 
assuming all the mass loss from the system  leaves with the specific angular 
m omentum of the primary, is presented in Fig. 4.4.
These cases are analogous to the cases presented in RZK (1997) where 
they assume similar angular momentum losses due to mass leaving the system 
from the primary. In addition we find th a t although a  minimum threshold is 
necessary in order to produce cycles a t all, as th e  magnitude of r\ increases, 
the mass range in which oscillations occur reduces.
In the next chapter we discuss the effects of allowing simultaneously two 
forms of consequential angular m om entum  losses: angular m om entum  losses
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Figure 4.4: Same as Fig. 4.3, but w ith mass loss carrying away the specific 
angular momentum of th e  primary, 0i =  1.0 (see tex t for definitions). Mass 
transfer oscillations below the period gap occur in the last rj =  0 . 2  model. 
All cases shown have some significant mass transfer oscillations.
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due to mass loss from the prim ary (e.g. nova outbursts), and fluctuations of 
J  coupled to irradiation-driven cycles. These results indicate th a t angular 
momentum loss due to mass loss from the prim ary or coupled CAML cycles, 
can extend the irradiation-driven instability to  lower periods and shift its 
onset to smaller 77 values.
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CHAPTER 5
CO UPLED CO NSEQ UENTIAL A N G U L A R  M O M ENTU M  
LOSSES
Angular m om entum  losses due to  mass leaving the prim ary has some 
effect in enhancing mass transfer cycles as shown in the previous chapter. 
However, since it is an order of magnitude smaller than magnetic braking it 
is incapable of extending the mass transfer cycle very much. It is possible 
to get irradiation with angular momentum losses due to nova explosions in 
the form (4.19) to  drive cycles at all orbital periods by assuming a much 
weaker secular m agnetic braking, but the width of the period gap shrinks to 
unacceptably small values. Thus there is a need for another mass transfer 
dependent angular momentum loss in the system.
As suggested in King et al (1996) we introduce an additional angular 
momentum loss mechanism which is proportional to the instantaneous mass 
transfer rate and is thus a  type of CAML. Enhanced magnetic braking or 
some other mass transfer coupled angular m om entum  loss could be respon­
sible for these fluctuations. We show th a t from a combination of irradiation 
and Jcyc/J oc M 2 , mass transfer cycles can be extended to  all masses.
In previous work King et al (1996) already noted th a t the main reason 
the irradiation-driven instability dies, as the secondary mass is reduced in 
the course of mass transfer, is that the therm al timescale of the convective 
envelope becomes too long. They also pointed out th a t oscillations in angular 
momentum losses directly coupled to the mass transfer cycle could extend the
75
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occurrence of lim it cycles to  lower companion masses. They proposed a  sim­
ple form of coupling which could be shown analytically to produce always an 
instability if the binary as a  whole was pushed closer to  dynam ical instability. 
However, their analysis was lim ited to the onset of the instab ility  without 
investigating the form of the cycles nor their evolutionary effects. To deter­
mine if the resultant cyclic evolution can be applied to CVs or o ther systems, 
detailed simulations of the such cycles are necessary, allowing us to study its 
amplitude and tim e-dependence, and sensitivity to input param eters.
We follow King et al (1996) and allow formally for coupled variations in
J  writing the variations in the  form
j  i(/2a,Af2) (5.1)
J  t j
where t j  is the secular mean angular momentum loss tim escale, and j  is 
a  dimensionless function. To investigate the main effects of allowing for 
variations of the angular m om entum  losses coupled to the transfer rate , King 
et al (1996) considered the  simplest possible case, in which these increase 
linearly with the instantaneous A/2, i.e.
■’ =  1 +  i7 i T r - ’ , > 0 ’ <5-2)[A/2] ad
where [M2]ad =  —Af2 /(Z}5£j) is the adiabatic transfer rate, and D a =  (£, — 
Cr)/2 is the standard adiabatic stability denominator (See Section 5.4). In 
equation (5.2) above, the first term  represents systemic losses while the sec­
ond term gives the fluctuating angular momentum losses coupled to  the  cycle 
Jcyc/J =  /Af2/([Af2]ad^)- Formally, this is an example of a  consequential an­
gular momentum loss (CAML, cf Webbink 1985; King & Kolb, 1995): J / J  
is the sum of a  M2-independent “systemic” component, represented by 1/tj ,
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and the  “consequential” components
* fc A M L  J c y c  . Jn .c . , 0  M 2 _  a x I  n  ajt A/r \ - ^ 2  / r  o \— j— = —  + —  =(£>,— + ftM2/(MMi)— . (5.3)
The stability  of CAML is discussed in King & Kolb (1995) in general terms. 
King et al (1996) show th a t stability against dynam ical-tim escale mass trans­
fer requires D  =  D s( l —l) >  0, i.e. / <  1 when 0i  =  0. The case with arbitrary 
fi is discussed in Section 5.4 below.
A sequence of evolutions with different values of the irradiation efficiency 
rj is shown in Fig. 5.1, where we adopted I =  0.9. In order to isolate the 
effects of the  CAML oscillations postulated by King e t al (1996), we excluded 
angular m om entum  losses due to nova outbursts by talcing /?i =  0  in this 
example.
Cycles appear both above and below the gap b u t there is an intermediate 
range of masses or correspondingly orbital periods in which mass transfer is 
stable. W herever cycles occur, the mass transferred per cycle increases with 
rj but the to tal mass range over which mass transfer is unstable diminishes. 
The combined effects of CAML from the prim ary and coupled oscillations 
are illustrated by a  sequence of models with I =  0.25 and f3\ =  1.0 shown in 
Fig. 5.2.
Note th a t a  reduction in I is necessary to get qualitatively the same re­
sults as in a  case with &  =  0  since both these effects increase the coupling 
between CAML and mass transfer cycles. There are however some signif­
icant differences between angular momentum losses due to  nova outbursts
* *
(«^ n.e./J) a-nd cyclic angular momentum losses (Jcyc/J) as parameterized by
/. Losses through novae have a more dominant effect on higher mass systems
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Figure 5.1: Same as Figs. 4.3 and 4.4 with systemic angular momentum 
oscillations coupled to  the lim it cycle with I =  0.9. In order to  isolate the 
effects of such cycles, no CAML due to mass loss from the prim ary fa  =  
0.0 was included in this case. Mass transfer oscillations below the period 
gap occur all models. All the models have some significant mass transfer 
oscillations. The am plitude of oscillations increases with larger rj values but 
the overall duration decreases.
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Figure 5.2: Same as Figs. 4.3-5.1 with systemic angular momentum oscil­
lations coupled to the limit cycle with I =  0.25. CAML due to mass loss 
from the prim ary was assumed to leave the system with the specific angular 
mom entum  of the  prim ary i.e. Pi =  1.0. Mass transfer oscillations below 
the period gap occur in the last 77 =  0.2 model. All the models have some 
significant mass transfer oscillations. The am plitude of oscillations increases 
with larger 77 values. The duration initially increases with larger 77 values but 
later decreases for larger 77 values.
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Figure 5.3: This graph shows the dependence of D a on the mass of the 
secondary. One can scale Da by a constant I in order to obtain the expected 
fluctuations in Jcyc/J a t constant M il M i since these variations are due to 
changes in Da.
than  lower mass systems since they are oc M i ' / M  for a  constant M i /M 2. In 
contrast Jcyc/J remains relatively constant with a  constant M i l  Mi. Since 
ail the variations in Jcyc/J, a t constant M i{M i,  are due to changes in Da 
scaled by I, we show the dependence of Da on M 2 in Fig 5.3.
As Fig. 5.3 demonstrates th a t Jcyc/J will decrease some due to a shrink­
ing as the secondary becomes more convective, but will eventually increase 
as becomes more negative. Therefore Jn.eJJ  makes higher mass systems 
more unstable but has a diminishing effect as th e  secondary mass reduces. 
Since pure irradiation driven mass transfer cycles are easier to  produce at
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Figure 5.4: A CV evolution with mass transfer cycles which extend to all 
orbital periods as a result of coupled CAML fluctuations in the form given 
by equation (5.3), with / =  0.95, 0\ =  0, and tj =  0.1 .
higher masses, 0 i  does not contribute much to extending the duration of 
cycles and only amplifies the initial peak mass transfer rates. A nother case 
with I =  0.95, = 0 and t j  =  0.1, is shown in Fig. 5.4, now plotted  as a
function of the binary orbital period. An example of CV evolution calculated 
using the G(x) tables obtained by Hameury & R itter (1997) from full stellar 
models is shown on Fig. 5.5.
These examples dem onstrate th a t a suitable adjustm ent of I o r the com­
bined effects of I and 0i can produce cycles at all orbital periods. However, 
the peak mass transfer rates are uncomfortably high and the period gap is
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Figure 5.5: An evolution with coupled CAML in the form given by equation
(5.3), with I =  0.95, =  0, and t j  =  0.01, but making use of tabular solutions
for G(x) for full stellar models provided by Hameury and R itte r (1997)
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wider than in the other cases. This is a  natural corollary of the fact th a t 
CAML given by equation (5.3) can only enhance angular momentum losses 
form the system and drive transfer rates higher than secular.
The above discussion suggests that the coupling introduced in equation
(5.2) could be modified to read
J' =  1 + ' (MV j v f * l"c)’ / > 0 ,  (5.4)
[Af2]jid
where [Af2]sec is the secular equilibrium rate under irradiation (King et al 
1996). W ith this modification, there is no enhanced CAML if the system 
transfer mass at the secular rate and if the transfer is stable. However, if 
there is an irradiation-driven lim it cycle, then coupled CAML occurs, and 
the net effect is to enhance the cycle without changing the mass transfer 
averaged over secular timescales. An example of evolutions obtained with 
this form of coupling is shown on Fig. 5.6.
The peak mass transfer during cycles and the width of the period gap are 
now in line with observational limits. The same evolution calculated with an 
atmospheric scale height ten times smaller e =  1 0 - 4  is shown for comparison 
in Fig. 5.7.
The peak mass transfers in this case are no more than a  factor of 2  higher 
than in in the calculation with e =  10- 3  a t the same orbital period. The 
mass and period changes during individual cycles are smaller as expected, 
but the overall evolution remains qualitatively unchanged.
5.1 A natom y o f a Cycle
In order understand physically the nature of the cycles, it is interesting 
to analyze what happens during a  typical cycle in a purely irradiation driven
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Figure 5.6: A CV evolution with mass transfer cycles which extend to all 
periods calculated with CAML fluctuations in the form given by equation
(5.4), with I =  .9, /?i =  0 and t j  =  .05.
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Figure 5.7: Same evolution as Fig. 5.6, calculated with a more realistic 
Hp/R .2 =  e =  1 0 -4 , for comparison purposes.
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case and in a case where CAML is present, and to compare the results. As we 
shall see below, pure irradiation cycles axe driven by the therm al expansion of 
the secondary, while in C AM L-assisted cycles at higher secondary masses one 
is enhancing angular m om entum  losses to the extent that it is the contraction 
of the Roche lobe which dom inates. As the companion mass decreases, the 
thermal expansion of the companion again dominates, but the net result is 
th a t irradiation-driven cycles now occur at shorter orbital periods.
Let us examine first th e  effects of changes in the radius of the  sec­
ondary and how it feeds back into changes in the systemic orbital angular 
momentum losses. The system ic orbital angular momentum losses J sys re­
spond to changes in R 2  since the magnetic braking angular m om entum  losses 
Jm b /J  oc MiFQ/a5. We refer to Fig. 5.8 which shows results obtained for a 
pure irradiation-driven cycle to illustrate the discussion given below. Exam ­
ining the bottom panel of Fig. 5.8, we see that the rate of change of magnetic 
braking goes through six d istinct stages corresponding to distinct behavior 
identified by numeric labels. These stages are correlated to rates of change 
in R 2 , M2  and a (shown in the middle panel Fig. 5.8).
Before mass transfer sta rts , as the star approaches Roche Lobe contact, 
the companion is near equilibrium  and its mass and radius are virtually con­
stant. Since Jm b /J  oc  a -5 , J m b /J  increases rapidly as a decreases (stage 1 ). 
Once contact is reached the secondary begins to expand due to irradiation. 
During this stage a is still decreasing, thus driving an even stronger angular 
momentum loss (stage 2). As the mass transfer rate increases, d changes 
sign and the orbital separation begins expanding at an increasing rate. Even
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Figure 5.8: A plot of one mass transfer cycle. In the top graph R 2 (dotted) 
and Ri, (dashed) have been plotted as functions of tim e. The middle graph 
shows R 2/ R 2 (dotted), a/a  (dashed) and M 2/M 2 (solid) as functions of time. 
In the bottom  graph d[ ln (J /J )] /d t  has been plotted over the same tim e 
interval. This model was calculated with no CAML (/ =  &  =  0), with an 
irradiation efficiency of 7/ =  0 .1 .
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though the  radius of the secondary is still expanding during this phase, the 
com bination of enhanced mass transfer and orbital expansion rapidly re­
duces the braking (stage 3). After th e  peak rate of orbital separation and 
mass transfer is reached, the rate of decrease in braking slows down as the 
secondary is still expanding but th is stage is relatively short lived (stage 4). 
A t some point the effects of irradiation saturate and the companion starts  
to  shrink towards its new equilibrium  radius. Thus, initially, the m agnetic 
braking ra te  decreases as J mb/ J  oc f t4 (stage 5), since on this tim e scale both 
a and M 2 are constant. As the secondary adjusts thermally, the m agnetic 
braking ra te  returns (stage 6 ) again to the detached behavior J mb/ J  ex a~5 
(stage 1 ). During the nearly detached phase the system is slowly driven back 
into contact and the cycle repeats.
We also present results for two individual cycles selected from th e  run 
w ith CAML-assisted cycles shown in its entirety on Fig. 5.7. T he cycle 
shown on Fig. 5.9 occurs early in th e  evolution when M2 «  0.9MQ. This 
evolution was calculated with e =  1 0 - 4  and therefore, during contact, R 2  and 
i?L follow each other more closely th an  in the case shown in Fig. 5.8. It is 
clear from the top panel of Fig. 5.9 th a t the enhanced braking during high 
mass transfer leads to a contraction of the binary, the Roche lobe and  the 
companion.
In the early stages of contact, as the  mass transfer increases, th e  sec­
ondary expands in response to irradiation but eventually the effect of CAML 
dom inates the evolution and results in a  rapid overall contraction. As the 
companion is trying simultaneously to  adjust thermally to the incident irra-
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Figure 5.9: A detailed plot of one C AML-assisted mass transfer cycle selected 
from the evolution shown on Fig. 5.7, a t a  period above 7 hours. In the top 
graph i ?2 (dotted) and Ri, (dashed) have been plotted  as functions of time. 
In the middle graph R 2 / R 2  (dotted), a/a  (dashed) and M 2 /M 2  (solid) have 
been plotted as functions of time. In the bottom  graph d[ln ( J / J ) \ / d t  has 
been plotted over the  same time interval.
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diation, a  high peak of mass transfer results. Later, in the same evolution, 
once the companion’s mass has decreased to M 2  «  O.4M0 , the thermal ex­
pansion of the secondary dominates during a  typical cycle as shown in Fig. 
5.10.
The reasons for this behavior are twofold: 1) the specific angular momen­
tum  of the prim ary is reduced, and 2) the mass transfer rate  is lower. As a  
consequence both CAML terms in equation (5.3) are smaller than before and 
the mechanical tendency for the system to expand during high mass trans­
fer episodes wins. These effects translate in accompanying period variations 
which are discussed in Section 5.2 below.
5.2 Period Variations
The balance between the the systemic angular m om entum  losses and the 
mechanical tendency for the orbit to expand during mass transfer yields in the 
standard evolution a  stable mass transfer ra te  which changes only secularly. 
However, in evolution under irradiation, this balance is temporarily affected 
by the cycles resulting in orbital period changes of either sign. Generally 
one expects that during the bright phases of the cycle the orbit expands 
on timescales ~  few xlO 6 — 107 yrs as the  companion expands. On the 
other hand, dining the faint quasi-detached phase of the  cycle the system 
contracts undetected and the overall effect is a  secular evolution towards 
shorter periods. The simulations shown on Fig. 5.11 illustrate that this is is 
indeed the case for irradiation-driven cycles without CAML, which can only 
occur a t longer orbital periods.
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Figure 5.10: A detailed plot of another CAML-assisted mass transfer cycle 
selected from the evolution shown on Fig. 5.7, a t a  period below 4 hours. In 
the top graph i ?2 (dotted) and Ri, (dashed) have been plotted as functions of 
time. In the middle graph R 2 / R 2  (dotted), a/a  (dashed) and M2 /M 2 (solid) 
have been plotted as functions of tim e. In the bottom  graph d \h i ( J /  J )] /d t  
has been plotted over the same tim e interval.
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Figure 5.11: Top: A plot of M2 as a function of the o rb ital period Porb • 
Bottom: A plot of the  orbital period derivative Porb as a  function of orbital 
period. An irradiation efficiency of rj =  0.1 is assum ed in this model. No 
CAML is included in this simulation. We only show a range of periods 
between 6 - 8  hrs in order to emphasize the structu re  of th e  oscillation. The 
full calculation is shown in Fig.4.3 (77 =  0.1 panel).
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Figure 5.12: A plot of the orbital period derivative Porb for an evolution 
calculated with an irradiation efficiency tj =  0.1, including CAML in  the 
form (5.3) with I =  0.95, and =  0.
This is potentially interesting because it would predict a system atic effect, 
supposing one could disentangle these interm ediate tim e scale variations from 
other short term variations: bright systems should statistically show a large 
and positive P. However when CAML is included, the calculations show 
th a t enhanced m agnetic braking can actually dom inate and cause orbital 
contraction at longer periods. In tha t case, if CAML remains at a sufficient 
level, cycles can occur a t all orbital periods with the bright phase of the  cycle 
yielding P  <  0 at long periods and P  >  0 ju st above and below the gap (see 
Fig. 5.12).
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This behavior is easily understood analytically if one considers the  loga­
rithm ic derivative of the orbital period including all mass and angular mo­
m entum  losses present,
, (5.5)p _ _ L  M 2P  J  sys M 2
—3 +  (1 — oc) , ^ +  3aq +  Zfiq ^  ^  ^  +  3D al
1 + q
where M i = —a M 2 has been asssumed. The last two term s are the contribu­
tions due to losses associated with CAML (mass loss from the prim ary and 
coupled fluctuations). W ithout these terms the contribution to P  which is 
proportional to mass loss ra te  is always positive. Thus in the pure irradiation 
case in which mass loss is enhanced, large positive orbital derivatives occur 
during bright phases. In CAML-assisted cycles, the increase in mass loss 
during irradiation-driven expansion of the secondary also increases J c a m l  
to  the point where angular m om entum  losses dominate over the mechanical 
tendency of the system to expand upon mass exchange. Eventually as M 2 de­
creases, the specific angular momentum carried away by mass loss decreases 
and the expansion tendency during high mass transfer, dominates. The ex­
pansion becomes more pronounced as M 2 is reduced occurring a t smaller 
peak mass transfer rates and for longer durations.
The above suggests that further studies may lead to a  statistical obser­
vational test of the picture. If there was a  certain period range over which 
the period variations during bright phases had a definite sign, one could 
in principle deduce the relative im portance of thermal and CAML effects, 
for example. It is, however, im portant to note that period variations oc­
cur in a  variety of time scales. Over the longest, secular time scale ^  10® 
yrs, the period should decrease as long as the companion is non-degenerate.
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T he period variations induced by cycles occur a t interm ediate tim e scales, 
P / P  ^  106 yrs and should be easier to observe them the secular trend. How­
ever, other “short” term  effects have been observed, presum ably caused by 
stellar processes such as magnetic cycles, starspots etc., w ith tim e scales 
( P /P  <1 10 — 100 yrs). Just as cycles can dominate the  secular trend, these 
short term  effects may make it difficult to  detect changes due to  therm al and 
CAML cycles. Nevertheless, it is worth pursuing this test since one could 
learn much about processes governing the evolution of close binaries if shorter 
term  orbital effects could be successfully filtered out.
5.3 Dw arf Novae
As discussed in the introduction, dwarf novae occur when the tem per­
a tu re  of the accretion disk rises above the  tem perature necessary to  ionize 
hydrogen. This increases the viscosity of the disk results in an increased mass 
transfer ra te  producing an observed increase in brightness known as a  dwarf 
nova. The m ain purpose of the disk is to extract angular m om entum  from 
the mass transferred from the secondary in order th a t it can be accreted onto 
the  white dwarf primary. A more viscous disk does this job more efficiently 
and  allows a  higher rate of mass transport from the  disk to the primary. 
In Nova-like and Permanent Superhumpers systems, th e  mass transfer rate 
from the secondary to the disk is high enough to keep the disk continuously 
“h o t’ ( i.e. above the tem perature of ionization of hydrogen). In these cases 
the  more viscous disk is able to reach an steady s ta te  situation in which 
the  disk is able to transfer mass to the prim ary a t the  same rate  as it is 
receiving mass from the secondary. At lower mass transfer rates a cool disk
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is formed (i.e. below the ionization tem perature of hydrogen) which is less 
viscous. This low viscosity disk is not able to  transport the m a tte r it receives 
from the secondary as efficiently as its hotter more viscous counterpart. In 
fact this less viscous disk is unable to  transport the m atter to  the  prim ary 
a t the same ra te  as it receives from th e  secondary. Thus the disk grows in 
size and increases in tem perature. T his of course also happens in th e  more 
viscous disk before it reaches a  steady sta te , however when the low viscosity 
disk’s tem perature becomes hot, the  new higher viscosity disk is now able 
to transport mass to the prim ary a t a  faster ra te  than it is receiving from 
the secondary. This results in a large am ount of mass being transported 
onto the prim ary over a short period of tim e until the disk is able to cool 
below the ionization tem perature of hydrogen. In Z-Cam systems the  mass 
transfer rate is ju st below the mass transport rate a t which it is necessary to 
m aintain a steady state tem perature. Thus when Z-Cam systems go into the 
high mass transfer state they can rem ain at this higher ra te  of mass transfer 
for extended periods of time.
Given the discussion above which outlines a scenario known as the  lim it 
cycle, it is apparent that the critical mass transfer rate  above which dwarf 
novae do not occur is an im portant param eter. A straight forward analysis 
suggests th a t the critical mass transfer rate for the disk instability  model 
(Shakura & Sunyaev 1973 and Smak 1983) is
Merit =  (87r/3)o'T4eff,criti?d3 /G :Afx . (5.6)
Here <r is the Stefan Boltzman constant, Rd is the radius of th e  disk and 
Teg,crft is the effective critical tem perature of the disk below which the disk
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is not in the hot state. Now TeffiCrit depends on directly on M Rd~3 and  is 
rather uncertain due to effects such as irradiation of the disk. Remarkably, 
many instability models give the  same critical mass transfer rate (M eyer & 
Meyer-Hofmeister 1983, Faulkner e t al. 1983, Cannizzo & Wheeler 1984, 
Mineshige & Osaki 1983, and Smak 1984) which can be approximated well 
by
«  1016i l j 6 M i-o'87gs_ 1  , (5.7)
where Rd. is measured in in units of 10Iocm. Assuming the accretion disk fills 
a  fraction of the Roche lobe 0  such th a t Rd =  ipRi,, then an expression for 
the critical mass transfer ra te  can be obtained in terms of the orbital b inary 
period. Using F(q) =  R l / cl as defined in Eggleton’s formula for the Roche 
lobe radius and recognizing the Roche lobe for the primary is just F (q _1) we 
define a  convenient expression F'{q) =  (.F(<7- 1) / .4 9 ) ( 1  +  q)1^ 3 such th a t
F \ q )  = ------- (-12+ -<?)-----------. (5.8)
0.6 +  ? ? l n ( l  +  9 3)
Using the above definition the condition for critical mass transfer ra te  
can be written as a function of period and the mass ratio q =  M 2/M \
Mcrit(P) =  6.54 x 10-lo[V’F ,(9 )]2-6P (h r) 1-73M@yr - 1 . (5.9)
Thus this expression assuming a Roche lobe filling factor 0  can give the 
critical mass transfer rate above which dwarf novae do not occur.
Our models offer two possible explanations for the lack of dwarf novae 
between 3-4 hrs. The first explanation is th a t it is possible that mass transfer 
instabilities due not occur in the  range of 3-4 hrs and that the mass transfer
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rate is always above Meat in this range. The second explanation is that dwarf 
novae should occur in this range, however less tim e is spent accreting below 
the critical mass transfer rate for dwarf novae between 3-4 hrs than  just above 
4 hrs. In particular our theory suggests there should be a pile up of dwarf 
novae just above 4.5 hrs and predicts lots of dwarf novae below the CV gap. 
There are a number of uncertainties tha t exist in either explanation such as 
the exact disk filling param eter tj) which determ ine Merit and the exact form 
of the J c a m l  angular m om entum  loss which could help determ ine which of 
the two explanations is valid.
If an intermediated < /c a m l  is assumed then mass transfer oscillations will 
dam p out at periods around 4 hours. Depending on the efficiency of the 
irradiation assumed i.e. the value of 77 , the mass transfer rate between 
the periods of 4-3 hrs above the gap may be above the critical mass transfer 
rates for dwarf novae and be observed as novae like systems. This would help 
explain the depletion of dwarf nova systems in this period range (Shafter et 
al. 1986; Shafter 1992). We show the results of an evolution in which an 
intermediate value for « /c a m l  is assumed in Fig. 5.13.
An im portant caveat to this scenario is that th a t the gap width is very 
sensitive to the mass loss timescale a t the upper edge of the gap. The width of 
the period gap depends on the ratio of the mass loss timescale to the thermal 
timescale of the secondary star. In view of all of the  above, our effort to fit 
the gap is fair but clearly not unique since there m ust be other parameter 
combinations yielding similar results. Another possible explanation for the
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Figure 5.13: This figure shows an example of how an interm ediate I =  .87 
can produce the observe lack of novae between 3-4 hrs. The solid line upper 
boundary shows the critical mass transfer ra te  for dwarf novae calculated 
with =  -325. The lower dashed boundary shows the lower mass transfer 
lim it in which the accretion disk would be less bright than  the secondaries 
luminosity.
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lack of DN in the 3-4 range could be th a t systems spend a  disproportional 
am ount of tim e in the  high s ta te  of mass transfer in this region but still 
go through mass transfer oscillations. This would create a lack but not a 
com plete absence of of dwarf novae. We present a  graph related to the 
question of DN vs NL in Fig. 5.14 which shows the tim e spent as a dwarf, 
during the evolution of a  single binary system, binned in intervals of .25 
hrs. The evolution can be com pared with Fig5.4 in which the mass transfer 
ra te  is shown for the same evolution as a function of tim e. We used the 
sam e limiting Merit criteria  as used in Fig. 5.13 with the Roche lobe filling 
ip =  .325.
These results show th a t system s are more likely to be observed at periods 
ju s t above 4 hours than  in the  period range between 3-4 hrs. Of course 
the  m ost likely range in which to  observe dwarf novae is below 2  hours (for 
system s below the CV gap). The observations which place most of the dwarf 
novae above the CV gap and a  small pile of dwarf novae ju st above for 4 
hours are in agreement w ith th is type of theoretical distribution. Our choice 
of ip is smaller than is typically assumed. A larger ip would make the lack 
of dw arf Novae more difficult to  account for with the interm ediate CAML 
scenario but it would make it easier to  account for with the tim e spent in 
period bins scenario.
5.4 Stability  C onsiderations
In order to analyze the stab ility  of mass transfer in sem i-detached com­
pact binaries under the  influence of irradiation, mass loss from the primary 
and CAML cycles, it is necessary to  examine how the radius of the mass
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Figure 5.14: A Histogram of tim e spent as DN vs P(.25 hr bins). On the 
X-axis the period at which the system  is observed is plotted in bins of .25 
hrs. The to tal tim e which the system should spend in a  particular period bin 
as it evolves is plotted on the y-axis. A Roche Lobe filling factor of ip =  .325 
W e is  assum ed in the calculation of Merit- This tim e evolution is based on the 
model presented in 5.4.
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donor star, R 2  changes in comparison to the size of the Roche lobe, R l,. 
When i ?2 expands faster than  R.l we get unstable mass transfer, whereas if 
R 2  expands slightly slower than  R l ,  mass transfer can greatly  decrease or 
even stop altogether. I t is only in the case were R 2 and R l  expand a t the 
same rate th a t stable mass transfer occurs. Changes in R 2  can be expressed
as (Ritter 1995): 
R 2  
R 2
where the adiabatic response to mass loss is described by the  adiabatic mass- 
radius exponent / d i n  R \
( 5 n )
the second and third term s describe the effects of nuclear evolution and ther­
mal relaxation respectively, and the rate of expansion due to  irradiation has 
been written in analogy w ith the adiabatic expansion, using an “irradiation 
mass-radius exponent” , defined by
<5-12>
Similarly, changes in the Roche-Lobe radius can be expressed as:
Rl ^ M 2 n f d \ n J \  M2
K  = (”arj ~ (CAMLM  (5-13)
where the term  with £r describes changes due to redistribution of mass and
angular momentum in the  system , (J /  J ) ^ ~ Q is the rate of system ic a n g u l a r
momentum losses, and the  term  containing
d d in  J  , v
&AML = <5'14>
gives the rate of change due to CAML. By equating (5.10) w ith (5.13) and 
solving for M 2  for s tationary  mass transfer, we get:
— M 2 s t  =
( a  ~  C r  —  C irr  +  CcAML
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(5.15)
Af2=
which leads to  the criterion for adiabatic stability:
Dad =  C* ~  Cr — Cirr +  CcAML >  0 (5.16)
For a  system  driven only by systemic angular m om entum  losses , in the ab­
sence of irradiation and CAML, equation (5.16) yields the standard result 
—Mist = D ~l { j / J ) m2- q, which is adiabatically stable when the standard 
adiabatic denom inator Ds =  (C* — C r ) /2  is  positive. If  we assume th a t con­
sequential angular momentum loss (CAML) is proportional to the instanta­
neous mass loss rate and angular m om entum  losses due to mass leaving the 
prim ary can be parameterized by j3\ we can write these angular m om entum  
losses as in equation (5.3):
+  (5.17)
CAML M i(7)
which using the definition (5.14) gives
Ccaml =  - 2 D al  -  2/?1A f |/ ( M A f 1) . (5.18)
Adopting Paczynski’s approximation for the Roche Lobe radius, and the
definitions q =  M 2fM \  and M\ =  —a M 2, a general expression for Cr is
obtained 5  2  a
C r =  - x  +  x ( l  _Q ;)T ~ r“ +  2 a?  - (5.19)
Therefore, for completely conservative mass transfer
Cr =  - 5 /3  +  2M 2/M x , (5.20)
whereas for completely non-conservative mass transfer
CR =  - 5 /3  +  2M 2 /3 M  . (5.21)
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T he use of Paczyriski’s approxim ate formula rather than the m ore exact 
Eggleton’s formula (see e.g. Frank, King & Raine 1992) for stab ility  con­
siderations will give approxim ate stability boundaries, but is convenient for 
simplicity. Furthermore, for th e  mass range th a t we are considering, this 
approxim ation is accurate enough for most numerical work.
During the cyclic mass transfer phases mass transfer has become adiabat- 
ically unstable due to the irradiation expansion term  of R.2 - T he bipoly trope 
code provides an adiabatic expansion term  which for higher masses agrees in 
sign with the full stellar model bu t is somewhat smaller in m agnitude. This 
results in stars with mass 0.7 Mq being slightly more unstable th an  a  full 
stellar model would predict. T he agreement for stars with mass ^  0.7 Mq is 
good and improves as M 2  decreases. Now that we have expressions for Cr  » 
Cc a m l  5 and Cs is obtained from our bipoly tropic code, an explicit expression 
for C irr is all we need to apply the stability criterion given by (5.16). From
(5 . 1 2 ) we have: g  f g \ n R ^ \  dL
C a r -  M , d L  ^ ^  (5.22)
Com puting (d 2 In R z/d td L )  in (5.22) from the bipolytrope model (e.g. KR92) 
we obtain _d_ Z £ l n ^ \  _  „  , , ,
S t  J th “  G M l ' ( 3)
Here F{Q ,  « i)  is a  numerical function, associated with the therm al response 
of th e  secondary, which approaches 7/3 as the secondary becomes fully con­
vective (i.e. Q — 0 in the bipolytrope notation). In bipolytropic code 
F (Q ,  n i)  is calculated as
. ( O H  1 , l d f \ l d H  H d f \ ~ 1 
W ’" i ) - { a 0 f t ( 0 , n i )  f d Q i { d Q  +  f d Q f  ' ( ’
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Figure 5.15: A graph of J- as a function of mass. The lower dotted line is 
T  x M cc/M 2 which demonstrates th a t M 2/M ce is w ithin a  factor of 7/3 equal 
to T .
T  can be approxim ated as M2/M cc where M ce is the mass of the convective 
envelope. We show in Fig. 5.15 th a t F  x Afce/Af2 «  const to within a factor 
of about 2.
This leads to a  generalized stability criterion sim ilar to the A criterion 
given by RZK [eq. (59)] and to equation (5) from Hameury and R itter.
A =  2 (0  -  Cr +  Cc a m l ) —  ? ~ \ Q ,  *i) >  ^  /* ““  x[0)g[x{0)\ sin Odd =  Ipa
t m2 l7C Jo
(5.25)
Where, following notation introduced in RZK, we define g(x(0)) = —dG /dx , 
tm2 = M 2/M 2 the mass transfer timescale and tk h  is the Kelvin-Helmholtz
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timescale. In RZK the stability criterion is derived from one of several s ta rt­
ing points: any one of their equations (25), (40) or (52) can be used, taking 
into account the  definition of A, but the result does not include the effects of 
any CAML. Angular momentum losses through the prim ary are incorporated 
into the definition of Cr in RZK whereas we include the effect explicitly in 
the definition of Cc a m l - I n  RZK, the stability criterion -  in the absence of 
CAML -  can be w ritten C» — Cr >  Cirr where Cirr can be expressed after some 
work as proportional to the r.h.s. of (5) in Hameury and R itter (1997). The 
criterion is w ritten in this way in order to group in A terms that are related 
to the stellar and binary structure on the left hand side, while the terms on 
the right hand side depend on the modeling of the irradiation.
We present two examples to illustrate the application of the stability 
criterion. In each case we plot A and versus M 2  calculated along a fic­
titious evolution in which irradiation is present and affects the stationary 
mass transfer, bu t cycles are suppressed. This is necessary since the stability 
criterion is based on a linear analysis of small departures from the stationary 
mass transfer (the  “fixed points” of the equations; see King et al 1996 for 
details).
In the regions in which A . is greater than A we anticipate the system 
will be unstable and experience mass transfer cycles. The bottom panel in 
each graph shows the complete non-linear evolution with cycles generally 
occurring where /p. >  A. The case shown on Fig. 5.16 starts unstable, 
the instability weakens around 0.7 M©, but strengthens around 0.6 M©, and 
finally stabilizes above the gap.
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Figure 5.16: The top panel shows the stability  criterion: cycles axe expected 
when the dashed line is above the solid line or /ps >  A. The bottom  panel 
shows the accretion ra te  as a  function of the companion mass during an  
evolution with / =  0.9. See tex t for details.
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Figure 5.17: The top panel shows the stability criterion: cycles are expected 
when the dashed line is above the solid line or I p . >  A .  The bottom  panel 
shows the accretion ra te  as a  function of the companion mass during an 
evolution with I =  0.95. See text for details.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
109
The mass transfer below the gap is predicted to  be stable but a few 
oscillations occur before the mass transfer settles down to its stationary  value. 
The case shown on Fig. 5.17 is unstable throughout according to the top 
panel and the non-linear simulation shown below confirms this. Therefore 
the linear criterion works quite well but the remaining differences indicate 
that ultim ately a non-linear simulation is necessary since large departures 
from the stationary points occur during cycles.
The stability criterion (5.16) shows that any form of CAML w ith Cc a m l  <
0 reduces the adiabatic denominator Z)aa and makes mass transfer more 
unstable. The simulations presented in this thesis do indeed show th a t /3\ and
1 nonzero and positive make mass transfer more unstable, as expected from 
equation (5.18), thus extending the range of the irradiation-driven cycles.
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CHAPTER 6
CO NCLUSIO NS
In this thesis the effects of irradiation and consequential angular m om entum  
losses on the secular evolution of cataclysmic variables are explored. This 
work expands on the analytic work done by King et al. (1996) in which they 
proposed that irradiation driven mass transfer oscillations if accompanied by 
consequential angular m om entum  losses could be extended to masses below 
.65M©. Other notable related numerical work on this m atter include RZK, 
in which a one-zone model for the effects of irradiation was developed and 
Hameury & R itter (1996) in which a  full stellar model was used to study the 
effects of irradiation. Neither of these papers incorporate the effects of CAML 
as described in King et al. 1996 nor do they extend their analysis to systems 
below .65M0 . In this thesis we also have investigated the effects of different 
assumed CAML. Some observational predictions of note include large positive 
and negative period derivatives associated with large mass transfer rates, a 
dispersion of mass transfer rates for a  given period and implications on the 
abundances of CV subtypes over certain period ranges.
6 . 1  A Brief Conceptual D escription
As Warner (1995) notes in his book on CVs, observations suggest different 
mass transfer rates at a given orbital period. Even if system atic observational 
effects are present, the existence of CV sub-classes which are associated with 
different mass transfer rates at the same orbital period suggests a dispersion
110
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of mass transfer rates a t all CV periods. Above the period gap, both  Nova- 
Like (high mass transfer rates systems) and Dwarf Nova (low mass transfer 
systems) co-exist over the same range of periods. An exception to this as 
pointed out by Shafter e t al. (1986) & Shafter (1992) is the  noticeable lack 
of dwarf novae between 3-4 hrs. In the standard CV evolutionary scenario 
the  mass transfer rate should be virtually constant above and below the CV 
gap, albeit, a t a much lower rate below the CV gap (see Fig 3.10). In order 
to  reconcile observation with theory, it is necessary for the  mass transfer rate 
to undergo some form of cyclic behavior. This cyclic behavior m ust occur on 
timescales too long to be directly observable but too short to  directly affect 
the long term  secular evolution. A mechanism for driving such a cyclic be­
havior is the irradiation of the secondary by emission from the  white dwarf 
and surrounding accretion disk. This produces a  slight expansion in the sec­
ondary. In the standard secular evolution scenario it is assumed that the 
secondary’s radius expands a t the same rate as the Roche lobe radius, or 
shrinks a t the same ra te  as the Roche lobe radius. If the  secondary’s radius 
can be made to expand a t a  slightly faster rate than the Roche Lobe radius 
the result will be enhanced mass transfer; if it shrinks a t a  slightly faster 
rate than the Roche lobe radius the mass transfer can significantly diminish 
or even stop ail together. The slight expansion of the secondary due to ir­
radiation is enough to produce a  cyclic behavior in the mass transfer rate. 
This irradiation, by itself, is not enough to produce different mass transfer 
rates at ail secondary masses. The thermal inertia of the  secondary makes 
it impossible to continue this cyclic behavior of the mass transfer ra te  below
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.65M®. Another mechanism is needed in order to sustain oscillations in the 
mass transfer ra te  below . 6 5 M q .  A clue to a mechanism which can enhance 
the  irradiation driven mass transfer rate oscillations comes from the fact th a t 
it is the relative changes in the secondary’s radius compared to the Roche 
lobe radius th a t m atter. W ith  irradiation driven mass transfer we make the 
radius expand faster than  the  Roche lobe. If the Roche lobe could be m ade 
to shrink at a  slightly faster rate, a  similar enhancement in mass transfer 
rate would occur. This Roche lobe shrinkage can be caused by angular mo­
m entum  loss th a t is proportional to the mass loss ( possibly due to enhanced 
magnetic braking). Using the assum ption of consequential angular m omen­
tum  losses we are able to produce mass transfer oscillations at all masses (see 
Fig. 5.4, 5.5, 5.6, and 5.7). To obtain this result, a rather severe am ount of 
angular momentum loss through CAML is required. Relaxing that assump­
tion slightly will produce no mass transfer oscillations between 3-4 hrs which 
may be just what is required in order to explain the lack of low mass transfer 
systems in th a t range i.e., dwarf novae. The evolutionary calculations pre­
sented in this thesis incorporate the effects of irradiation of the companion 
and of consequential angular m om entum  losses. These simulations confirm 
previous analytic and numerical work on pure irradiation-driven cycles, ex­
plore secular evolution with CAM L-assisted cycles, examine in detail w hat 
happens during a  cycle, analyze orbital period variations, and extend the 
discussion of stability to the m ore general case including CAML.
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6.2 A  Sum m ary o f Num erical R esults
Our results show th a t mass transfer cycles can occur a t all orbital periods 
when CAML is strong enough. Therefore irradiation-driven cycles assisted 
by CAML may account for the dispersion observed in estim ates of the mass 
transfer for CVs a t a given orbital period without blurring significantly the 
period gap. The main weakness of the model in its present form is the ab­
sence of a  physical mechanism that would enable to predict the strength of 
the coupling between CAML fluctuations and mass transfer, and to ascertain 
its dependence on system parameters. It is conceivable th a t the rate of mag­
netic braking, for example, could be affected by irradiation, by varying the 
underlying wind mass loss rate or by altering the s ta te  of ionization of the 
wind, but so far, no working model exists for these effects. In the meantime 
one can assume a  certain form for the coupling and follow the secular evo­
lution, predicting the properties of the resulting cycles and comparing these 
with observations. For example, the correlations predicted between the sign 
of the orbital period derivative over interm ediate tim e scales, the orbital pe­
riod itself and the relative importance of CAML may serve as a  test of the 
picture.
Another test may be provided by non-magnetic CVs with accretion disks 
if one adopts the premise that their outburst properties are the combined 
result of the irradiation instability determining the accretion rate over in­
term ediate tim e scales, and the disk instability determ ining the short term  
behavior (see e.g. Cannizzo 1993; 1997 for reviews). Above a critical accre­
tion ra te  the disk will be hotter than the hydrogen ionization tem perature
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throughout, and thus stuck in the hot sta te  (Smak 1983). Estim ates for 
this critical ra te  depend on the assumed size and shape of the disk, and on 
the effects of irradiation on the disk tem perature and vertical structure (van 
Paradijs 1996). In any case, the disk instability m ay be simply assumed not 
to  occur above some critical mass transfer rate Merit which is itself subject to 
some uncertainty. This approach is adequate if one is interested only in the 
overall outburst behavior (e.g. presence/absence of dwarf nova outbursts) 
rather than  the  detailed shape of individual outbursts.
A well-known example of the insight one m ay gain from studies of the 
period distribution is provided by the relative paucity of dwarf novae relative 
to nova-like variables at orbital periods just above the gap, in the range 3 — 4 
hours (Shafter, Wheeler & Cannizzo 1983; Shafter 1992). The simulations 
presented here suggest th a t irradiation-driven cycles assisted by a certain 
am ount of coupled CAML could produce this effect in one of two ways:
1) if a  m oderate CAML is assumed, then mass transfer oscillations will 
dam p out a t periods around 4 hours. Depending on the efficiency of the 
irradiation assumed (how effective is the blocking), the mass transfer rate 
between the periods of 3-4 hrs above the gap may be above the critical mass 
transfer rates for dwarf novae and be observed as novae like systems.
2) if a  stronger CAML is assumed, cycles do occur at periods 3-4 hours, 
but most system s still spend most of the tim e they are visible, accreting at 
rates above th e  critical (maximum) rate for disk outbursts and thus appear 
as nova-like m ost of the time. An im portant caveat to this scenario is th a t
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the gap width is very sensitive to the mass loss tim escale a t the  upper edge 
of the gap. T he w idth of the period gap depends on th e  ratio  of th e  mass 
loss timescale to  the  therm al timescale of the  secondary star. This led us to 
explore a coupling (5.4) different in form from the original suggestion of King 
et al. (1996) which yields relatively lower mass transfer rates a t the  upper 
edge of the gap, and yet produces cycles a t all o rbital periods. A population 
synthesis study incorporating the cyclic evolution described here will be car­
ried out during fu ture investigations in order to  determ ine if th e  predicted 
observational properties of such an ensemble of CVs agree w ith existing ob­
servational lim its. A particularly intersting result would be a  distribution of 
CV subtypes over the  observed orbital period range. Such a  study  should 
enable us to place constraints on the possible mechanism(s) coupling CAML 
and irradiation-driven cycles. Given the uncertainties m entioned above we 
postpone a  detailed modeling of this effect to future work.
Finally, on a m ore speculative note, we note th a t in some of the  CAML- 
assisted evolutions, it is possible to  get mass transfer rates ~  few 10~7 Ms /y r  
for 105-6 yrs. Perhaps it is possible to get mass transfer rates in this range 
extending down to  orbital periods of 3 — 4 hr by adjusting th e  CAML losses 
adequately. It is tem pting  to identify such systems w ith the  short period 
CV -type supersoft X -ray  sources (e.g. RX J0439.8-6809 in th e  LMC and 
1E0035.4-7230 in th e  SMC) which do not conform to the  generally accepted 
model in which the  companion is more massive than  the w hite dw arf (Ka- 
habka & van den Heuvel 1997).
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A P P E N D IX  A 
B ip o ly tro p e  M o d e lin g  o f  E n e rg y  a n d  E n e rg y  T ra n s p o r t
This appendix is provided as a  detailed explanation on how the energy is 
calculated for the “core” region and for the “envelope” region as well as 
the entire star in our bipolytropic model. In addition the assumptions and 
numerical treatm ent of nuclear generated luminosity is also discussed. In the 
process of calculating the stellar energy distribution we derive expressions for 
the  dimensionless coefficients H (Q ,n i) and H k {Q, ^i) in term s of solutions 
to the Lane-Emden equation. These quantities axe essential in determ ining 
the thermal response of the s ta r  as described in section 2.3.2.
A . l  C a lcu la tin g  S te lla r  E n e rg y
The potential energy of a  s ta r can be w ritten as a  combination of the 
internal and gravitational energy. The potential energy enclosed by a  region 
bounded between a radius a and a  radius b is
F  3
^ ‘ " 5 - n
G M 2 P  4
r +  (n  +  1 )M r ------(n +  l ) —irr3P (A .l)r  p 3
where Mr is the amount of mass enclosed in a sphere of radius r  and n  is 
the polytropic index. Applying the virial theorem we obtain an expression 
for the total energy in the bounded region as
Eta,b =  ^ £ Pot0tfc +  [2?rr3P]* . (A.2)
W ith a  convenient grouping of term s the to tal bounded energy can be 
expressed as a  function of the  solutions to the Lane-Emden equation. Since
120
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pressure is zero at the stellar surface, implying
GM}E tSurface c _o — n (A.3)
and mass and  radius axe zero a t the stellar center, implying E to =  0, it is 
useful to evaluate the term s in (A .l) at the core/envelope interface. Using 
the definitions for the mass of the core region M2i and the radius of the core 
region R 2i, given by chapter 2, equations (2.42) and (2.45) the first term  in 
equation (A .l) can be expressed as
Likewise, w ith the addition of the core/envelope interface pressure, P2{, and 
density p2\ as defined in (2.37) and (2.33), the second term can be w ritten as
m  f k - Z i n s f O k Y  $ *  G M %  i  a  «
* 5 Q U J  R  ■ (A-5)
Finally, again using equations for the core/envelope interface pressure (2.37) 
and the core’s radius R 2\ from (2.45), the last term  in the expression for total 
bounded potential energy appears as follows
* io®  r  ■ ( )
In each of the  above three definitions we have also made use of the  expression 
for total stellar radius R  and total stellar mass M  given in equations (2.49) 
and (2.50) respectively.
As presented in chapter 2 total energy can also expressed by
E  = - H ( Q ,n i )G M 2/ R .  (A.7)
Similarly energy in the convective envelope is given by
E2 = - H2{Q , n i)G M 2/ R  . (A.8)
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The total energy for the convective envelope region can also be obtained 
from equation (A.2) where density p, pressure P  , radius r  and mass M r are 
evaluated at the core/envelope interface and the stellar surface. H<i(Q,nx) 
can then be found by setting  the convective envelope energy obtained us­
ing equation (A.2) equal to  the convective envelope energy as expressed in 
equation (A.8).
Following the above procedure and substituting =  |  for n  in equation 
(A .l) one obtains
1 +
e■2i 2 O T
is  e%
The energy in the radiated core can be written as
(A.9)
E x = - H x ( Q , n x ) G M 2/ R . (A .10)
Following a  similar procedure as above, but now evaluating a t the stellar cen­
ter and at the core/envelope, the scale factor for total energy in the radiative 
core is
, 2 ,  «2i (4tzj — 8) 2
1 +  5 (n ' +  ^  ~
(A .11)
where the radiative regions polytropic index rix replaces n  in equation (A .l). 
H(Q,  ni) can now be expressed as the sum of the total radiative core energy 
and the convective envelope energy scale factors such that:
H( Q,nx )  =  Hx(Q,nx)  +  H2{Q,rix) . (A .12)
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The equation above now gives an expression for H (Q , such tha t
B(Q, m) =  |  {1  +  «» ( | ) 1" [* . +  +  hi% ]  }  (A.13)
where 21
h°  =  6 (5  - m )  _  1 (A ' 14)
^  A 6(2«! — 3)
hs ~  5(5 -  n l} • (A' 15)
reduces to 3 /7  for a  completely convective star (i.e. n i =  3/2
or Q =  0). For simplicity and com putational speed, solutions of H ( Q , n x)
are tabu la ted  along with other useful combinations of solutions to the Lane
Em den equation. (See Section 2.3 for details).
T he therm al content of the convective region can be obtained from the
integral f ce T d m  by the application of the virial theorem (see Cox and Giuli
1968), such th a t
/■". _  2 II G M *  L  24/23 , l
M  r ~ 3 D n  R 5&0JJ • ( 1
or sim ply as
rM, o a G M 2
L Ti M' =  3 m - i r HK(Q' ^ -  (A-17»
Substitu ting  for / f 2(Q ,nx) from the equation (A.9) an expression for 
HfciQiKi)  using equation (A.16) is obtained as
"*) - f [l 03 (I )2 [* ■+ £ k - + I f ]} ■ (A-18)
H k (Q , n i)  scales the rate of change in the convective polytropic constant K 2 
and thus contributes to the therm al changes in R 2. Hk {Q ,tii) is tabulated 
in a sim ilar m anner as H(Q,  n x).
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A .2 E nergy Transport
The nuclear luminosity generated in the core and in the envelope region is 
calculated using equations th a t relate tem perature and density a t the  stellar 
center and a t the core/envelope interface to the luminosity generated in the 
core and envelope region, respectively. The primary contribution to the 
nuclear generated luminosity is assumed to come from the  p-p chain. The 
CNO chain becomes dom inant in stars with masses greater than  1.2M© and 
central tem peratures ~  2 x  107K which is beyond the range of masses and 
tem peratures relevant to the low mass companions in CVs. The evolution of 
the chemical composition is sufficiently slow that it can be ignored.
The nuclear luminosity generated in the radiative core by the p-p chains 
(assumed to be in quasi-equilibrium) is:
£nuci =  2.36 x 106-(| l X ^ / 2  X 2KV 2p f ^ 71- 2/3e x p { -3 3 .8 ir c^ 1/3} /1
(A.19)
(see, e.g., Fowler, Caughlin, and Zimmerman 1975), where X  is the fraction 
abundance of hydrogen by mass and is the tem perature a t the  stellar 
center in unit of lO6/^.
I\ is an integral which can be expressed in terms of solutions to the  Lane- 
Emden equation such th a t
/ i ( T c 6 , g , m )  =  / * '  0iaB‘- 2/3exp{33.8175I/3( l  -  d ^ 3 ) } ^  . (A.20)Jo
h(Tc&, Q ,n \  =  3.0) is given by the fitting equations in RVJ w ith the 
appropriate corrections to a x term  as outlined by Kolb and R itte r (1992) . 
This fitting equation takes the form of
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=  3.0) « a 1(Q) +  6i(<5)logrc6 H-c1(Q )(logrc6 ) 2 . (A.21)
A table of the ratio _  h [ T ^ Q ,n x)
1 h i T ^ Q . n ^ Z . Q )  1 ]
is computed where /t =  l\{Tcs =  10°‘9, Q, n j) is evaluated for 50 values of
Q < .90 and 6  values 1.5 <  ri\ < 4.0.
Similarly, the nuclear luminosity generated in the convective region as a
result of the p-p chain is expressed as
Lnuc2 =  2.36 x  106 ^ V ^ / 2 A 2 / ^ / 2p f 2Ti; 2/3 exp{— 33 .8 ir^ 1 /3 } / 2 (A.23)
where T\e is the tem perature at the  core/envelope interface in units of 1 0 6 AT. 
/ 2 is an integral which can be expressed in term s of solutions to th e  Lane- 
Emden equation and the core/envelope interface tem perature such th a t
h iT ^ Q 'T ir )  =  f % 27/3 ex p { 3 3 .8 ir* l/3( l  - 0 2 l/3)}£2 d 6  . (A.24)
•'fo
Q, =  3.0) is given by the fitting equations in RVJ with the 
appropriate corrections to b2 term  as outlined by Kolb and R itter (1992) 
This fitting equation takes the form of
/ 2 ( r i6 ,Q ,nx  = 3 .0 ) « a 2 (Q) + 6 2 (g )  log r i6 +  c2 (g)(log r i6 ) 2 . (A.25)
A table of the ratio
2 /2(Ti6,g,nl =3.0) (A 6)
is computed where =  li(Tce =  10°5, Q, nx) is evaluated for 50 values of 
g  <  .90 and 6 values 1.5 <  ri\ < 4.0.
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Calculating the luminosity deficit in the  convective region requires substi­
tu ting  the luminosity generated in the radiative region with an expression for 
radiative flux through the core/envelope interface. The radiate flux through 
the core/envelope interface can be obtained from the bipolytropic model:
—64tr 2 3 ( d T \  . x
— 3  a r * Ti y d r )  . 2i
=  - 4 p - o ’a 23r’i4p2i1«:rl^2i02i » (A.27)
where k, is the radiative opacity a t the interface. Here, we have taken 
the tem perature derivative at the interface to be on the convective side. The 
tem perature derivative is discontinuous a t the core/envelope interface in the 
bipoly tropic model. RVJ found th a t taking the tem perature derivative on 
the radiative side of the core/envelope interface results in a L\ which was a 
factor 5 /8  smaller. This however leads to  similar results in their evolutionary 
calculations.
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A P P E N D IX  B
CALCULATING D E G E N E R A C Y  A N D  T E M P E R A T U R E
In this appendix we a ttem p t to explain how degeneracy is accounted for 
in the bipolytrope code. This requires a more complete explanation of the 
degeneracy factor. The degeneracy factor is essential in calculating the the 
tem perature at the core/envelope interface and center of the star. In turn 
the  tem perature at the center and a t the core/envelope region of the  star are 
im portant in calculating th e  nuclear generated luminosity generated both in 
the  core and in the envelope region, respectively. The tem perature at the 
core/envelope interface is also used to calculated the lum inosity through the 
interface. The numerical calculations of the above m entioned luminosities 
are described in appendix A.
B .l  Degeneracy
As stated in the main body of the text the equation of s ta te  used in our 
calculations is
P  =  D — pT  (B .l)
where we now use 72. instead of k^fm ^  and D is still the degeneracy factor. 
The total pressure can be w ritten  in terms of a  sum of the ion pressure and 
the electron pressure, i.e. P  =  Pjon +  Pe- It is, therefore, proper to  consider
B . l  as a  combination of two distinct parts, the ion pressure
Pion =  — pT  (B.2)
Ho
127
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and the electron pressure
5e =  ~ — p T Fzl2^  . (B.3)
e 3 ftc F1/a(tf)  ^ '
Here Fv{xf}) is a  solution to the Fermi-Dirac integral
roo y m
=  /  n —  i / - i .  \ d x • (E U )Jo 1 +  exp (— w + x)ip  
The solution for F„ with v  =  1/2 is
3 / 21 /  h2 \  '
W '  = 4^  ( s a )  ^  <B5>
F3 / 2  can be estim ated from F1 / 2  for 0  <  5 such that
( B ' 6 )
where
k i  =  i= 4 (2 * r 3/! • (B.7)
An alternative to this approximation is to interpolate a table of numerical 
values of F3/2- By using the tabulated method instead of the approximation 
for F3 / 2  we are able to calculate models with much higher degeneracy. In 
order to combine (5 .2 ) and (5 .3 ) into an expression similar to (5 .1 ) we 
must first express the mean moleculax weight, fi, in terms of mean molecular 
weight per ion /zQ and the mean molecular weight per electron f£e. This can
be expressed as: i l l
-  =  —  +  — . (B.8)
H Ho He
Thus in comparing (5 .2 ) and (5 .3 ) with (5 .1 ) such that P  =  5 ion +  Pe we 
obtain:
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D  =  1 - -  +  - l y ^ m -  ( a 9 )fie /ie 3 F 1/2(0)
Since pe and p0 are constant throughout convective and radiative regions 
degeneracy depends strictly on ifr which in turn depends only on f§ j2 - In the 
convective envelope region p /T 3/2 =constant and therefore D  =constant. 
Thus degeneracy D given in equation(B.9) can be evaluated using the tem ­
perature and density at the core/envelope interface. Expressions for these 
quantities axe given in the next section.
B .2 Central and Interface Temperature
An expression for T\ , the  tem perature at the core/envelope interface, 
can be obtained by evaluating (B .l) a t the interface and setting it equal to 
equation (2.37), such that
r ,  =  , (B.10)
where On =  1 according to our chosen normalization. in term s of Lane- 
Emden solutions, total mass and radius is given in equation (2.51) . W ith a 
little  manipulation of equation (2.50) we find
32 xG* 1 M*
P' 125 ’<1 '
Thus equation (B.10) provides a  way to calculate tem perature a t the inter­
face of the core/envelope regions given the degeneracy factor D , the  total 
mass and radius of the stax. Substituting equation (B .ll)  for pi and D  using 
equation (B.10) into (B.9) creates an expression from which T; can be ob­
tained. In turn the degeneracy, £), can be calculated using (B.10) once T\ is 
found.
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Using equation (2.28) we have
Pc =  K lPc(ni+l)/ni - (B.12)
In equation (B.12) we have set 0i(O) =  1 according to the central boundary 
condition (2.48), i.e. the density at the stellar center should be finite. Upon 
replacing pc with (2.33) and K i  w ith (2.39) we obtain
Pc =  P2i01i-(ni+1) • (B.13)
Using the equation of s ta te  (B .l) evaluated at the stellar center and a t the 
core/envelope boundary, and dividing by the central density we find
Tc =  p i-T i . (B.14)
“ li
Thus equation (B.14) provides a  way to calculate tem perature at the center 
of the star given the degeneracy factor D, the total mass and radius of the 
star.
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